MATHEMATICS
Textbook for Class X

wast I et
NCHERT

I 2Afdred srgHea iR ufiaror aRkug
NATIONAL COUNCIL OF EDUCATIONAL RESEARCH AND TRAINING

Reprint 2026-27



1062 — MATHEMATICS
Textbook for Class X

First Edition
December 2006 Pausa 1928

Reprinted

October 2007, January 2009,
December 2009, November 2010,
January 2012, November 2012,
November 2013, November 2014,
December 2015, December 2016,
December 2017, January 2019,
August 2019, January 2021 and
November 2021

Revised Edition

October 2022, Ashwina 1944
Reprinted

March 2024 Chaitra 1946

June 2024 Jyeshtha 1946
December 2024 Agrahayana 1946
December 2025 Agrahayana 1947

PD 325T SM

(©National Council of Educational
Research and Training, 2006,2022

3125.00

Printed on 80 GSM paper with NCERT
watermark

Published at the Publication Division
by the Secretary, National Council of
Educational Research and Training,
Sri Aurobindo Marg, New Delhi 110 016
and printed at VK Global Digital, Plot
No. 928, Sector-68, IMT Faridabad,
Haryana-121004

4 N

ISBN 81-7450-634-9

ALL RIGHTS RESERVED

0 No part of this publication may be reproduced, stored in a retrieval system or

transmitted, in any form or by any means, electronic, mechanical, photocopying,
recording or otherwise without the prior permission of the publisher.

This book is sold subject to the condition that it shall not, by way of trade, be
lent, re-sold, hired out or otherwise disposed of without the publisher’s
consent, in any form of binding or cover other than that in which it is published.
The correct price of this publication is the price printed on this page, Any
revised price indicated by a rubber stamp or by a sticker or by any other means
is incorrect and should be unacceptable.

OFFICES OF THE PUBLICATION DIVISION, NCERT

NCERT Campus
Sri Aurobindo Marg
New Delhi 110 016

108, 100 Feet Road
Hosdakere Halli Extension
Banashankari lll Stage
Bengaluru 560 085

Phone : 011-26562708

Phone : 080-26725740
Navjivan Trust Building
P.O.Navjivan
Ahmedabad 380 014

CWC Campus

Opp. Dhankal Bus Stop
Panihati

Kolkata 700 114

CWC Complex
Maligaon
Guwahati 781 021

Phone : 079-27541446

Phone : 033-25530454

Phone : 0361-2674869

Publication Team

Head, Publication M.V. Srinivasan
Division

Chief Editor Bijnan Sutar

Chief Business Amitabh Kumar

Manager

Chief Production
Officer (In charge)

Deepak Jaiswal

Assistant Production
Officer

Deepak Kumar

Illustrations
Joel Gill and Arvinder Chawla

Cover
Arvinder Chawla

Reprint 2026-27




Foreword

The National Curriculum Framework 2005, recommends that children’s life at school
must be linked to their life outside the school. This principle marks a departure from
the legacy of bookish learning which continues to shape our system and causes a
gap between the school, home and community. The syllabi and textbooks developed
on the basis of NCF signify an attempt to implement this basic idea. They also
attempt to discourage rote learning and the maintenance of sharp boundaries between
different subject areas. We hope these measures will take us significantly further in
the direction of a child-centred system of education outlined in the National Policy
on Education (1986).

The success of this effort depends on the steps that school principals and teachers
will take to encourage children to reflect on their own learning and to pursue
imaginative activities and questions. We must recognise that, given space, time and
freedom, children generate new knowledge by engaging with the information passed
on to them by adults. Treating the prescribed textbook as the sole basis of examination
is one of the key reasons why other resources and sites of learning are ignored.
Inculcating creativity and initiative is possible if we perceive and treat children as
participants in learning, not as receivers of a fixed body of knowledge.

These aims imply considerable change in school routines and mode of functioning.
Flexibility in the daily time-table is as necessary as rigour in implementing the annual
calendar so that the required number of teaching days are actually devoted to teaching.
The methods used for teaching and evaluation will also determine how effective this
textbook proves for making children’s life at school a happy experience, rather than
a source of stress or boredom. Syllabus designers have tried to address the problem
of curricular burden by restructuring and reorienting knowledge at different stages
with greater consideration for child psychology and the time available for teaching.
The textbook attempts to enhance this endeavour by giving higher priority and space
to opportunities for contemplation and wondering, discussion in small groups, and
activities requiring hands-on experience.

The National Council of Educational Research and Training (NCERT) appreciates
the hard work done by the textbook development committee responsible for this
book. We wish to thank the Chairperson of the advisory group in Science and
Mathematics, Professor J.V. Narlikar and the Chief Advisors for this book, Professor
P. Sinclair of IGNOU, New Delhi and Professor G.P. Dikshit (Retd.) of Lucknow
University, Lucknow for guiding the work of this committee. Several teachers
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contributed to the development of this textbook; we are grateful to their principals
for making this possible. We are indebted to the institutions and organisations which
have generously permitted us to draw upon their resources, material and personnel.
We are especially grateful to the members of the National Monitoring Committee,
appointed by the Department of Secondary and Higher Education, Ministry of Human
Resource Development under the Chairpersonship of Professor Mrinal Miri and
Professor GP. Deshpande, for their valuable time and contribution. As an organisation
committed to systemic reform and continuous improvement in the quality of its
products, NCERT welcomes comments and suggestions which will enable us to
undertake further revision and refinement.

Director
New Delhi National Council of Educational
15 November 2006 Research and Training
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Rationalisation of Content in the Textbooks

In view of the COVID-19 pandemic, it is imperative to reduce content load on
students. The National Education Policy 2020, also emphasises reducing the content
load and providing opportunities for experiential learning with creative mindset. In
this background, the NCERT has undertaken the exercise to rationalise the textbooks
across all classes. Learning Outcomes already developed by the NCERT across

classes have been taken into consideration in this exercise.
Contents of the textbooks have been rationalised in view of the following:

*  Overlapping with similar content included in other subject areas in the same
class

* Similar content included in the lower or higher class in the same subject

* Difficulty level

*  Content, which is easily accessible to students without much interventions from

teachers and can be learned by children through self-learning or peer-learning

* Content, which is irrelevant in the present context

This present edition, is a reformatted version after carrying out the changes

given above.
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THE CONSTITUTION OF
INDIA

PREAMBLE

WE, THE PEOPLE OF INDIA, having
solemnly resolved to constitute India into a
'[SOVEREIGN SOCIALIST SECULAR
DEMOCRATIC REPUBLIC] and to secure
to allits citizens :

JUSTICE, social, economic and
political;

LIBERTY of thought, expression, belief,
faith and worship;

EQUALITY of status and of opportunity;
and to promote among them all

FRATERNITY assuring the dignity of
the individual and the ’*[unity and
integrity of the Nation];

IN OUR CONSTITUENT ASSEMBLY
this twenty-sixth day of November, 1949 do
HEREBY ADOPT, ENACT AND GIVE TO
OURSELVES THIS CONSTITUTION.

1. Subs. by the Constitution (Forty-second Amendment) Act, 1976, Sec.2,
for "Sovereign Democratic Republic” (w.e.f. 3.1.1977)

2. Subs. by the Constitution (Forty-second Amendment) Act, 1976, Sec.2,
for "Unity of the Nation" (w.e.f. 3.1.1977)
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Preface

Through the years, from the time of the Kothari Commission, there have been
several committees looking at ways of making the school curriculum meaningful
and enjoyable for the learners. Based on the understanding developed over the
years, a National Curriculum Framework (NCF) was finalised in 2005. As part of
this exercise, a National Focus Group on Teaching of Mathematics was formed. Its
report, which came in 2005, highlighted a constructivist approach to the teaching
and learning of mathematics.

The essence of this approach is that children already know, and do some
mathematics very naturally in their surroundings, before they even join school. The
syllabus, teaching approach, textbooks etc., should build on this knowledge in a way
that allows children to enjoy mathematics, and to realise that mathematics is more
about a way of reasoning than about mechanically applying formulae and algorithms.
The students and teachers need to perceive mathematics as something natural and
linked to the world around us. While teaching mathematics, the focus should be on
helping children to develop the ability to particularise and generalise, to solve and
pose meaningful problems, to look for patterns and relationships, and to apply the
logical thinking behind mathematical proof. And, all this in an environment that the
children relate to, without overloading them.

This is the philosophy with which the mathematics syllabus from Class I to
Class XII was developed, and which the textbook development committee has tried
to realise in the present textbook. More specifically, while creating the textbook, the
following broad guidelines have been kept in mind.

e The matter needs to be linked to what the child has studied before, and to
her experiences.

e The language used in the book, including that for ‘word problems’, must be
clear, simple and unambiguous.

e Concepts/processes should be introduced through situations from the
children’s environment.

e For each concept/process give several examples and exercises, but not of
the same kind. This ensures that the children use the concept/process again
and again, but in varying contexts. Here ‘several’ should be within reason,
not overloading the child.

e Encourage the children to see, and come out with, diverse solutions to
problems.
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e As far as possible, give the children motivation for results used.

All proofs need to be given in a non-didactic manner, allowing the learner to
see the flow of reason. The focus should be on proofs where a short and
clear argument reinforces mathematical thinking and reasoning.

e Whenever possible, more than one proof is to be given.

Proofs and solutions need to be used as vehicles for helping the learner
develop a clear and logical way of expressing her arguments.

e All geometric constructions should be accompanied by an analysis of the
construction and a proof for the steps taken to do the required construction.
Accordingly, the children would be trained to do the same while doing
constructions.

e Add such small anecdotes, pictures, cartoons and historical remarks at
several places which the children would find interesting.

e Include optional exercises for the more interested learners. These would
not be tested in the examinations.

e Give answers to all exercises, and solutions/hints for those that the children
may require.
e Whenever possible, propagate constitutional values.

As you will see while studying this textbook, these points have been kept in mind
by the Textbook Development Committee. The book has particularly been created
with the view to giving children space to explore mathematics and develop the abilities
to reason mathematically. Further, two special appendices have been given — Proofs
in Mathematics, and Mathematical Modelling. These are placed in the book for
interested students to study, and are only optional reading at present. These topics
may be considered for inclusion in the main syllabi in due course of time.

As in the past, this textbook is also a team effort. However, what is unusual
about the team this time is that teachers from different kinds of schools have been
an integral part at each stage of the development. We are also assuming that teachers
will contribute continuously to the process in the classroom by formulating examples
and exercises contextually suited to the children in their particular classrooms. Finally,
we hope that teachers and learners would send comments for improving the textbook
to the NCERT.

ParvIN SINCLAIR

G.P. DIKsHIT

Chief Advisors

Textbook Development Committee
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Constitution of India

Part IV A (Article 51 A)

Fundamental Duties

It shall be the duty of every citizen of India —

(@)

(b)

(©
(d)

(e

()
(2

()
@
V)

*(k)

to abide by the Constitution and respect its ideals and institutions, the
National Flag and the National Anthem;

to cherish and follow the noble ideals which inspired our national struggle
for freedom;

to uphold and protect the sovereignty, unity and integrity of India;

to defend the country and render national service when called upon to
do so;

to promote harmony and the spirit of common brotherhood amongst all
the people of India transcending religious, linguistic and regional or
sectional diversities; to renounce practices derogatory to the dignity of
women;

to value and preserve the rich heritage of our composite culture;

to protect and improve the natural environment including forests, lakes,
rivers, wildlife and to have compassion for living creatures;

to develop the scientific temper, humanism and the spirit of inquiry and
reform;

to safeguard public property and to abjure violence;

to strive towards excellence in all spheres of individual and collective
activity so that the nation constantly rises to higher levels of endeavour
and achievement;

who is a parent or guardian, to provide opportunities for education to
his child or, as the case may be, ward between the age of six and
fourteen years.

Note:

The Article 51A containing Fundamental Duties was inserted by the Constitution
(42nd Amendment) Act, 1976 (with effect from 3 January 1977).

*(k) was inserted by the Constitution (86th Amendment) Act, 2002 (with effect from
1 April 2010).
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REAL NUMBERS

1.1 Introduction

In Class IX, you began your exploration of the world of real numbers and encountered
irrational numbers. We continue our discussion on real numbers in this chapter. We
begin with very important properties of positive integers in Sections 1.2, namely the
Euclid’s division algorithm and the Fundamental Theorem of Arithmetic.

Euclid’s division algorithm, as the name suggests, has to do with divisibility of
integers. Stated simply, it says any positive integer a can be divided by another positive
integer b in such a way that it leaves a remainder 7 that is smaller than 5. Many of you
probably recognise this as the usual long division process. Although this result is quite
easy to state and understand, it has many applications related to the divisibility properties
of integers. We touch upon a few of them, and use it mainly to compute the HCF of
two positive integers.

The Fundamental Theorem of Arithmetic, on the other hand, has to do something
with multiplication of positive integers. You already know that every composite number
can be expressed as a product of primes in a unique way— this important fact is the
Fundamental Theorem of Arithmetic. Again, while it is a result that is easy to state and
understand, it has some very deep and significant applications in the field of mathematics.

We use the Fundamental Theorem of Arithmetic for two main applications. First, we
use it to prove the irrationality of many of the numbers you studied in Class IX, such as
J2, /3 and \/5 . Second, we apply this theorem to explore when exactly the decimal

expansion of a rational number, say £(q # 0), is terminating and when it is non-

terminating repeating. We do so by looking at the prime factorisation of the denominator

qof £ you will see that the prime factorisation of g will completely reveal the nature
of the decimal expansion of L

So let us begin our exploration.
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2 MATHEMATICS

1.2 The Fundamental Theorem of Arithmetic

In your earlier classes, you have seen that any natural number can be written as a
product of its prime factors. For instance, 2 =2,4 =2 x 2,253 =11 x 23, and so on.
Now, let us try and look at natural numbers from the other direction. That is, can any
natural number be obtained by multiplying prime numbers? Let us see.

Take any collection of prime numbers, say 2, 3, 7, 11 and 23. If we multiply
some or all of these numbers, allowing them to repeat as many times as we wish,
we can produce a large collection of positive integers (In fact, infinitely many).
Let us list a few :

7x11x23=1771 3x7x11x%x23=5313
2x3x7x11x%x23=10626 23 x 3 x73=8232
22x 3 x7x11x23=21252

and so on.

Now, let us suppose your collection of primes includes all the possible primes.
What is your guess about the size of this collection? Does it contain only a finite
number of integers, or infinitely many? Infact, there are infinitely many primes. So,
if we combine all these primes in all possible ways, we will get an infinite
collection of numbers, all
the primes and all possible 32760
products of primes. The
question is — can we
produce all the composite
numbers this way? What
do you think? Do you
think that there may be a
composite number which
is not the prodqct of ) 4095
powers of primes?
Before we answer this,
let us factorise positive 3 1365
integers, that is, do the
opposite of what we have
done so far. 3 455

2 16380

2 8190

We are going to use
the factor tree with which
you are all familiar. Let us
take some large number,
say, 32760, and factorise
it as shown.
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REAL NUMBERS 3

So we have factorised 32760 as 2 x 2 x 2 x 3 X 3 x 5 x 7 x 13 as a product of
primes, i.e., 32760 = 2% x 32 x 5 x 7 x 13 as a product of powers of primes. Let us try
another number, say, 123456789. This can be written as 3? x 3803 x 3607. Of course,
you have to check that 3803 and 3607 are primes! (Try it out for several other natural
numbers yourself.) This leads us to a conjecture that every composite number can be
written as the product of powers of primes. In fact, this statement is true, and is called
the Fundamental Theorem of Arithmetic because of its basic crucial importance
to the study of integers. Let us now formally state this theorem.

Theorem 1.1 (Fundamental Theorem of Arithmetic) : Every composite
number can be expressed (factorised) as a product of primes, and this factorisation
is unique, apart from the order in which the prime factors occur.

An equivalent version of Theorem 1.2 was probably
first recorded as Proposition 14 of Book IX in Euclid’s
Elements, before it came to be known as the
Fundamental Theorem of Arithmetic. However, the
first correct proof was given by Carl Friedrich Gauss
in his Disquisitiones Arithmeticae.

Carl Friedrich Gauss is often referred to as the ‘Prince
of Mathematicians’ and is considered one of the three
greatest mathematicians of all time, along with
Archimedes and Newton. He has made fundamental Carl Friedrich Gauss
contributions to both mathematics and science. (1777 — 1855)

The Fundamental Theorem of Arithmetic says that every composite number can
be factorised as a product of primes. Actually it says more. It says that given any
composite number it can be factorised as a product of prime numbers in a ‘unique’
way, except for the order in which the primes occur. That is, given any composite
number there is one and only one way to write it as a product of primes, as long as we
are not particular about the order in which the primes occur. So, for example, we
regard 2 X 3 x 5 x 7 as the same as 3 x 5 x 7 x 2, or any other possible order in which
these primes are written. This fact is also stated in the following form:

The prime factorisation of a natural number is unique, except for the order
of its factors.
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4 MATHEMATICS

In general, given a composite number x, we factoriseit asx = p,p, ... p,, where
P, P,..., p, are primes and written in ascending order, i.e., p, < p,
<...<p,. If wecombinethe same primes, we will get powers of primes. For example,

32760=2x2%x2x3x3x5x7x13=28xFx5x7x13

Once we have decided that the order will be ascending, then the way the number
isfactorised, isunique.

The Fundamental Theorem of Arithmetic has many applications, both within
mathematics and in other fields. Let uslook at some examples.

Example 1 : Consider the numbers 4", where n is a natural number. Check whether
there is any value of n for which 4" ends with the digit zero.

Solution : If the number 4", for any n, wereto end with the digit zero, then it would be
divisibleby 5. That is, the prime factorisation of 4" would contain the prime5. Thisis
not possible because 4" = (2)?"; so the only primein the factorisation of 4"is 2. So, the
uniqueness of the Fundamental Theorem of Arithmetic guarantees that there are no
other primes in the factorisation of 4". So, there is no natural number n for which 4"
endswith the digit zero.

You have already learnt how to find the HCF and LCM of two positive integers
using the Fundamental Theorem of Arithmetic in earlier classes, without realising it!
This method is also called the prime factorisation method. Let us recall this method
through an example.

Example 2 : Find the LCM and HCF of 6 and 20 by the prime factorisation method.
Solution : We have : 6=2'x3 and 20=2x2x5=22x 5.

You can find HCF(6, 20) = 2 and LCM(6, 20) =2 x 2 x 3 x 5 =60, as done in your
earlier classes.

Note that HCF(6, 20) = 2* = Product of the smallest power of each common
prime factor in the numbers.

LCM (6, 20) = 22 x 3* x 5! = Product of the greatest power of each primefactor,
involved in the numbers.

From the example above, you might have noticed that HCF(6, 20) x LCM(6, 20)
= 6 x 20. In fact, we can verify that for any two positive integers a and b,
HCF (a, b) x LCM (a, b) =ax b. We can use this result to find the LCM of two
positive integers, if we have already found the HCF of the two positive integers.

Example 3: Find the HCF of 96 and 404 by the prime factorisation method. Hence,
find their LCM.
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ReaL NUMBERS 5

Solution : The prime factorisation of 96 and 404 gives:
96=2°x3, 404=22x 101
Therefore, the HCF of these two integersis 22 = 4.

9%6x404  96x404

= = 9696
HCF(96, 404) 4

Also, LCM (96, 404) =

Example 4 : Find the HCF and LCM of 6, 72 and 120, using the prime factorisation
method.

Solution : We have :
6=2%x3, 72=22x3%,120=22x3x5
Here, 2* and 3! are the smallest powers of the common factors 2 and 3, respectively.
So, HCF (6,72,120) = 2! x 31 =2x3=6
23, 32 and 5! are the greatest powers of the prime factors 2, 3 and 5 respectively
involved in the three numbers.
So, LCM (6, 72, 120) = 23x 3? x 5! = 360

Remark : Notice, 6 x 72 x 120 # HCF (6, 72, 120) x LCM (6, 72, 120). So, the
product of three numbersis not equal to the product of their HCF and LCM.

EXERCISE 1.1
1. Expresseach number as a product of its prime factors:
() 140 (i) 156 (i) 3825 (iv) 5005 (v) 7429

2. FindtheLCM and HCF of thefollowing pairsof integersand verify that LCM x HCF =
product of the two numbers.

() 26and9l (i) 510and 92 (i) 336and54
3. Find the LCM and HCF of the following integers by applying the prime factorisation
method.
() 12,15and21 (i) 17,23and 29 (iii) 8,9and 25

Giventhat HCF (306, 657) = 9, find LCM (306, 657).
Check whether 6" can end with the digit O for any natural number n.
Explainwhy 7x11x 13+ 13and 7x 6 X 5x 4 x 3x 2 x 1+ 5 are composite numbers.

N o a &

Thereisacircular path around asportsfield. Soniatakes 18 minutesto drive one round
of the field, while Ravi takes 12 minutes for the same. Suppose they both start at the
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same point and at the same time, and go in the same direction. After how many minutes
will they meet again at the starting point?

1.3 Revisiting Irrational Numbers

In Class IX, you were introduced to irrational numbers and many of their properties.
You studied about their existence and how the rationals and the irrationals together
made up the real numbers. You even studied how to locate irrationals on the number
line. However, we did not prove that they were irrationals. In this section, we will

prove that \/2 , NE) , J5 and, in general, \/; is irrational, where p is a prime. One of
the theorems, we use in our proof, is the Fundamental Theorem of Arithmetic.
Recall, a number ‘s’ is called irrational if it cannot be written in the form E,

where p and ¢ are integers and ¢ # 0. Some examples of irrational numbers, with
which you are already familiar, are :

ﬁ,ﬁ,\/ﬁ,n,—ﬁ, 0.10110111011110 ... . etc.

3

Before we prove that /2 is irrational, we need the following theorem, whose
proof is based on the Fundamental Theorem of Arithmetic.

Theorem 1.2 : Let p be a prime number. If p divides a°, then p divides a, where
a is a positive integer.
*Proof : Let the prime factorisation of a be as follows :

a=pp,...p,wherep p, ..., p, are primes, not necessarily distinct.

2

Therefore, a* = (p,p, . . .p NP, --.D,)=DD; - - . D
Now, we are given that p divides a?. Therefore, from the Fundamental Theorem of
Arithmetic, it follows that p is one of the prime factors of a’>. However, using the
uniqueness part of the Fundamental Theorem of Arithmetic, we realise that the only
prime factors of a* are p, p,, .. ., p,. Sopisoneof p,p,, ... p.

Now, since a = p, p,...p,, p divides a.
We are now ready to give a proof that /2 is irrational.

The proof'is based on a technique called ‘proof by contradiction’. (This technique is
discussed in some detail in Appendix 1).

Theorem 1.3 : [ is irrational.

Proof : Let us assume, to the contrary, that \/2 is rational.

* Not from the examination point of view.
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r
So, we can find integers 7 and s (# 0) such that \/p = 5

Suppose r and s have a common factor other than 1. Then, we divide by the common

factor to get \/2 = %, where a and b are coprime.
b

So, b2 =a.

Squaring on both sides and rearranging, we get 2b* = a*. Therefore, 2 divides @
Now, by Theorem 1.2, it follows that 2 divides a.

So, we can write a = 2¢ for some integer c.

Substituting for a, we get 2b* = 4¢?, that is, b* = 22

This means that 2 divides 52, and so 2 divides b (again using Theorem 1.2 with p =2).
Therefore, a and b have at least 2 as a common factor.

But this contradicts the fact that @ and b have no common factors other than 1.
This contradiction has arisen because of our incorrect assumption that /2 is rational.

So, we conclude that /7 is irrational.

Example 5 : Prove that /3 is irrational.

Solution : Let us assume, to the contrary, that /3 is rational.
a

That is, we can find integers a and b ( 0) such that /3 = B

Suppose a and b have a common factor other than 1, then we can divide by the

common factor, and assume that a and b are coprime.

SO, b\/g =qa-
Squaring on both sides, and rearranging, we get 3b* = a°.

Therefore, @* is divisible by 3, and by Theorem 1.2, it follows that a is also divisible
by 3.

So, we can write @ = 3¢ for some integer c.
Substituting for a, we get 3b* = 9¢?, that is, b* = 3¢

This means that b2 is divisible by 3, and so b is also divisible by 3 (using Theorem 1.2
with p = 3).

Reprint 2026-27



8 MATHEMATICS

Therefore, a and b have at least 3 as a common factor.
But this contradicts the fact that a and b are coprime.

This contradiction has arisen because of our incorrect assumptionthat /3 isrational.
So, we conclude that /3 isirrational.
In Class X, we mentioned that :

e the sum or difference of arational and an irrational number isirrational and

e the product and quotient of a non-zero rational and irrational number is
irrational.

We prove some particular cases here.
Example 6 : Show that 5 —+/3 isirrational.
Solution : Let us assume, to the contrary, that 5 — ﬁ, isrational.
That is, we can find coprime a and b (b # 0) such that 5 - /3 = %.

Therefore, 5— % =3

Rearranging this equation, we get /3 =5 _% = Sbb— a

Since a and b are integers, we get 5_% isrational, and so Jé isrational.

But this contradicts the fact that /3 isirrational.

This contradiction has arisen because of our incorrect assumption that 5 — /3 is
rational.

So, we conclude that 5— /3 isirrational.

Example 7 : Show that 3v2 isirrational.
Solution : Let us assume, to the contrary, that 3.2 isrational.

That is, we can find coprime a and b (b # 0) such that 32 = %.

Rearranging, we get /2 = %.

a
Since 3, aand b are integers, 5 isrational, and so /2 isrational.
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But this contradicts the fact that /2 isirrational.
So, we conclude that 3./2 isirrational.

EXERCISE 1.2

1. Provethat /5 isirrational.
2. Provethat 3+ 2./5 isirrational.

3. Provethat thefollowing areirrationals:

) % (i) 75 (i) 6++/2

14 Summary
In this chapter, you have studied the following points:
1. The Fundamental Theorem of Arithmetic:

Every composite number can be expressed (factorised) as a product of primes, and this
factorisation isunique, apart from the order in which the prime factors occur.

2. If pisaprimeand p divides &% then p divides a, where a is a positive integer.

3. Toprovethat +/2, /3 areirrationals.

A NoTE To THE READER

You have seen that :

HCF (p,q,r) xLCM (p, q,r) #p % g x r, wherep, g, r are positive integers
(see Example8). However, thefollowing results hold good for three numbers
p,qandr :

p-q-r-HCF(p, g, 1)
HCF(p, q) - HCF(q,r) - HCF( p,r)

LCM (p,q,r) =

p-qr-LCM(p, q,r)
LCM(p,q)-LCM(q, r)-LCM(p, )

HCF (p, q,r) =
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2.1 Introduction

In Class I X, you have studied polynomials in one variable and their degrees. Recall
that if p(x) isapolynomial in x, the highest power of x in p(x) is called the degr ee of
the polynomial p(x). For example, 4x + 2 is a polynomial in the variable x of

degree 1, 2y>—3y + 4isapolynomial inthe variabley of degree 2, 5x° —4x% + x— /2

3
isapolynomial inthevariablex of degree3and 7u6—§u4+ 4% +u-8 isapolynomia

in the variable u of degree 6. Expressions like i X+2,

———— €lc., are
Xx-1 X+ 2X+3

not polynomials.
A polynomial of degree 1 iscalled alinear polynomial. For example, 2x — 3,

J3x+5, y++/2, x —1—21,32+4, gu +1, etc., areall linear polynomials. Polynomials

suchas2x + 5—x2, X3 + 1, etc., are not linear polynomials.
A polynomial of degree2iscalled aquadratic polynomial. The name* quadratic’

has been derived from the word ‘quadrate’, which means ‘square’. 2x°+ 3x — é

y2 =2, 2— x2+4/3x, %— 2u? + 5, /5 —%v, 47 +% are some examples of

guadratic polynomials (whose coefficients are real numbers). More generally, any
quadratic polynomial in x is of the form ax? + bx + ¢, where a, b, ¢ are real numbers
and a= 0. A polynomial of degree 3iscalled acubic polynomial. Some examples of
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acubic polynomial are2 —x3, %3, /2 x3, 3—x2+ X3, 3x3—2x2 + x— 1. In fact, the most
general form of acubic polynomial is

ad+bx?+cx+d,
where, a, b, ¢, d are real numbers and a # 0.

Now consider the polynomial p(x) = x2 — 3x — 4. Then, putting x = 2 in the
polynomial, weget p(2) = 22—3x2—-4=—6. Thevalue‘—6’, obtained by replacing
x by 2inx?—3x—4, isthevalue of xX2—3x—4 at x = 2. Similarly, p(0) isthe value of
p(x) at x =0, whichis—4.

If p(x) isapolynomial in x, andif kisany real number, then the value obtained by
replacing x by kin p(x), is called the value of p(x) at x = k, and is denoted by p(k).

What is the value of p(x) = X2 -3x — 4 at x = -1? We have :

p(-D) = (13 % (-1)} —4=0
Also, notethat p(4) =4°—-(3x4)—-4=0.
As p(-1) = 0 and p(4) = 0, -1 and 4 are called the zeroes of the quadratic

polynomial x2 — 3x — 4. More generaly, a real number k is said to be a zero of a
polynomial p(x), if p(k) = 0.

You have aready studied in Class 1X, how to find the zeroes of a linear
polynomial. For example, if k is a zero of p(x) = 2x + 3, then p(k) = O gives us
2k+3=0,i.e,k= 3

2 —

In general, if kisazero of p(x) =ax + b, thenp(k) =ak+b =0, i.e, K =z~

S0, the zero of the linear polynomial ax + bis b = (Cor.lsFant term) .
a  Coefficient of x

Thus, the zero of a linear polynomial is related to its coefficients. Does this
happen in the case of other polynomialstoo? For example, are the zeroes of aquadratic
polynomial also related to its coefficients?

In this chapter, we will try to answer these questions. We will also study the
divisionagorithmfor polynomials.

2.2 Geometrical M eaning of the Zer oes of a Polynomial

You know that areal number k is a zero of the polynomial p(x) if p(k) = 0. But why
are the zeroes of a polynomial so important? To answer this, first we will see the
geometrical representations of linear and quadratic polynomials and the geometrical
meaning of their zeroes.
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Consider first alinear polynomial ax + b, a= 0. You have studied in Class I X that the
graph of y = ax + bisastraight line. For example, the graph of y = 2x + 3isastraight
line passing through the points (— 2, 1) and (2, 7).

X -2 2

y=2x+3 -1 7

From Fig. 2.1, you can see
that the graph of y = 2x + 3
intersects the x-axis mid-way
between x = -1 and x = -2,

that is, at the point [—g O].

You also know that the zero of

2X+ 31is _g. Thus, the zero of

the polynomial 2x + 3 is the
x-coordinate of the point wherethe
graph of y = 2x + 3 intersects the Fig. 2.1
X-axis.

In general, for alinear polynomial ax + b, a# 0O, thegraph of y=ax+ bisa
straight line which intersects the x-axis at exactly one point, namely, [_—b ' OJ.
a

Therefore, the linear polynomial ax + b, a # 0, has exactly one zero, namely, the
x-coordinate of the point where the graph of y = ax + b intersects the x-axis.

Now, |et uslook for the geometrical meaning of azero of aquadratic polynomial.
Consider the quadratic polynomial x> — 3x — 4. Let us see what the graph* of
y=x>—3x—4lookslike. Let uslist afew values of y = x> — 3x — 4 corresponding to
afew valuesfor x asgivenin Table 2.1.

* Plotting of graphs of quadratic or cubic polynomialsisnot meant to be done by the students,
nor isto be evaluated.
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Table 2.1
X -2 -1 0 1 2 3 4 )
y=x*-3x—-4 6 0 -4 -6 -6 -4 0 6

If we locate the points listed

above on a graph paper and draw 3

thegraph, it will actually look like

theonegiveninFig. 2.2.

In fact, for any quadratic :

polynomial ax? + bx + ¢, a# 0, the

graph of the corresponding

equation y = ax? + bx + ¢ has one

of the two shapes either open

upwards like \/ or open

downwardslike /" dependingon

whether a > 0 or a < 0. (These :

curves are called parabolas.)

You can see from Table 2.1

that —1 and 4 are zeroes of the :

quadratic polynomial. Also i

note from Fig. 2.2 that —1 and 4 =

arethex-coordinates of the points =

wherethegraph of y =x*—-3x—4

intersects the x-axis. Thus, the

zeroesof the quadratic polynomial

X2 — 3x — 4 are x-coordinates of %

the points where the graph of
y = x2 — 3x — 4 intersects the
X-axis.

T u L

Fig. 2.2

This fact is true for any quadratic polynomial, i.e., the zeroes of a quadratic

polynomia ax2+bx +c,a=0, arep
parabola representing y = ax? + bx

recisely the x-coordinates of the points where the
+ C intersects the x-axis.

From our observation earlier about the shape of the graph of y = ax? + bx + ¢, the

following three cases can happen:
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Case (1) : Here, the graph cuts x-axis at two distinct points A and A”.

The x-coordinates of A and A” are the two zer oes of the quadratic polynomial
ax? + bx + cin this case (see Fig. 2.3).

(1) (ii)
Fig. 2.3
Case (ii) : Here, the graph cuts the x-axis at exactly one point, i.e., at two coincident

points. So, the two points A and A’ of Case (i) coincide here to become one point A
(see Fig. 2.4).

(1) (ii)
Fig. 2.4

The x-coordinate of A isthe only zer o for the quadratic polynomial ax? + bx + ¢
in this case.
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Case(iil) : Here, thegraphiseither completely above the x-axis or completely below
the x-axis. So, it does not cut the x-axis at any point (see Fig. 2.5).

Fig. 2.5

So, the quadratic polynomial ax? + bx + ¢ has no zero in this case.

So, you can see geometrically that a quadratic polynomial can have either two
distinct zeroes or two equal zeroes (i.e., one zero), or no zero. This also meansthat a
polynomial of degree 2 has atmost two zeroes.

Now, what do you expect the geometrical meaning of the zeroes of a cubic
polynomial to be? Let usfind out. Consider the cubic polynomial x*—4x. To see what
the graph of y = x®—4x looks like, let uslist afew values of y corresponding to afew
values for x as shown in Table 2.2.

Table 2.2
N4
-2 -1 0 1 2
y =x¢—4x 0 3 0 -3 0

L ocating the points of the table on a graph paper and drawing the graph, we see
that the graph of y = x® — 4x actually looks like the one given in Fig. 2.6.
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We see from the table above

that — 2, 0 and 2 are zeroes of the
cubic polynomial x® — 4x. Observe :
that —2, 0 and 2 are, in fact, the :
x-coordinates of the only points :
where the graph of y = x* — 4x |

intersectsthe x-axis. Sincethe curve

meets the x-axis in only these 3
points, their x-coordinates are the

only zeroes of the polynomial.

Let us take a few more -
examples. Consider the cubic

polynomials x® and x® —x2. We draw
thegraphsof y=x3and y = x3 — x2
inFig. 2.7 and Fig. 2.8 respectively.

Fig. 2.6

Fig. 2.7

Fig. 2.8
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Notethat Oistheonly zero of the polynomial x3. Also, from Fig. 2.7, you can see
that 0 is the x-coordinate of the only point where the graph of y = x® intersects the
x-axis. Similarly, since x*—x?=x?(x—1), 0 and 1 arethe only zeroes of the polynomial
x® — x2. Also, from Fig. 2.8, these values are the x-coordinates of the only points
where the graph of y = x® — x? intersects the x-axis.

From the examples above, we see that there are at most 3 zeroes for any cubic
polynomial. In other words, any polynomial of degree 3 can have at most three zeroes.
Remark : In general, given a polynomial p(x) of degree n, the graph of y = p(x)
intersects the x-axis at atmost n points. Therefore, a polynomial p(x) of degree n has
at most n zeroes.

Example1: Look at thegraphsin Fig. 2.9 given below. Eachisthe graph of y = p(x),
where p(x) isapolynomial. For each of the graphs, find the number of zeroes of p(x).

() (i1) (iii)

(iv) (v)
Fig. 2.9

Solution :
(i) The number of zeroesis 1 as the graph intersects the x-axis at one point only.
(i) The number of zeroesis 2 as the graph intersects the x-axis at two points.
(i) The number of zeroesis 3. (Why?)

Reprint 2026-27



18 MATHEMATICS

(iv) The number of zeroesis 1. (Why?)
(v) The number of zeroesis 1. (Why?)
(vi) The number of zeroesis 4. (Why?)

EXERCISE 21

1. Thegraphsof y = p(x) are given in Fig. 2.10 below, for some polynomials p(x). Find the
number of zeroes of p(x), in each case.

(@) (i) (iii)

(iv) (v) (vi)

Fig. 2.10

2.3 Relationship between Zer oesand Coefficientsof a Polynomial

You have aready seen that zero of alinear polynomia ax +bis — 9 .Wewill now try

a
to answer the question raised in Section 2.1 regarding the rel ationship between zeroes
and coefficients of aquadratic polynomial. For this, let ustake aquadratic polynomial,
say p(x) = 2x2 — 8x + 6. In Class X, you have learnt how to factorise quadratic
polynomials by splitting the middle term. So, here we need to split the middie term
‘—8x’ asasum of two terms, whose product is 6 x 2x2 = 12x2. So, we write
2 —8X+6=2x—-6Xx—2x+6=2X(X—3) —2(x — 3)
= (2X-2)(x-3) =2(x—-1)(x—3)
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So, thevaue of p(x) =2x*—8x + 6iszerowhenx—1=00r x—3=0, i.e,, when
x =1or x = 3. So, the zeroes of 2x>* —8x + 6 are 1 and 3. Observe that :

Sumof itszeroes = 1+3=4= —(=8) _ —(Coeificient of x)
2 Coefficient of x*

Product of its zeroes = 1x3=3= § __ Constant term

2 Coefficient of X

Let us take one more quadratic polynomial, say, p(x) = 3x¢ + 5x — 2. By the
method of splitting the middle term,

I +5X—2=3+6X—X—2=3x(X+2) -1(x +2)
= Bx-1)(x+2
Hence, the value of 3x? + 5x — 2 iszero when either 3x—1=0o0rx+2=0, i.e,

1 1
when x = 5 or X = —2. So, the zeroes of 3x2 + 5x — 2 are 5 and — 2. Observe that :

Sum of its zeroes = }+ 2) _ =5 _ —(Coefficient of x)
3 3 Coefficient of x?

. 1 -2 Congtant t
Product of its zeroes= =% (-2) = — = on. an erm2
3 3  Cosfficient of x

Ingenerd, if o and B* arethe zeroes of the quadratic polynomia p(x) =ax? +bx +c,
a# 0, then you know that x — o and x — 3 are the factors of p(x). Therefore,

ax? + bx + ¢ = k(x —a) (x— ), where k is a constant
= KX — (o + B)x + o ]
= k¢ —k(o+B)x+ ko
Comparing the coefficients of X2, x and constant terms on both the sides, we get
a=k b=—-k(o + ) and ¢ = kof.

Thisgives oa+p= o

Cc
a

op =

* a,B are Greek letters pronounced as ‘apha and ‘beta’ respectively. We will use later one
moreletter ‘Y pronounced as‘gamma’.

Reprint 2026-27



20 MATHEMATICS

b —(Cosfficient of X)

i.e, sum of zeroes= o+ B= —— = — =,
Coefficient of X
(o) Congtant term
product of zeroes=afy = = = - .
a Coefficient of x

Let us consider some examples.
Example 2 : Find the zeroes of the quadratic polynomial x* + 7x + 10, and verify the
relationship between the zeroes and the coefficients.
Solution : We have
X+ 7x+10=(x+2)(x +5)
So, thevalue of X* + 7x + 10iszerowhenx+2=00r x+5=0, i.e., whenx=—-2or
X = —5. Therefore, the zeroes of x? + 7x + 10 are — 2 and — 5. Now,
—(7) _ —(Coefficient of x)
1 Coefficient of x?

sum of zeroes= —2+ (-5)=—(7) =

10 Congtant term
product of zeroes= (-2) x (-5)=10=—= o — -
1 Cosfficient of x

Example 3 : Find the zeroes of the polynomial x> — 3 and verify the relationship
between the zeroes and the coefficients.

Solution : Recall the identity a> — b? = (a—b)(a + b). Using it, we can write:
e-a= (x- )+ )
So, the value of X2 —3iszerowhenx = /3 or x = —/3-

Therefore, the zeroes of X? — 3 are /3 and —/3-

Now,

—(Coefficient of x)

sum of zeroes= /3-+/3=0 =
Coefficient of x°

-3 Constant term
product of zeroes = (/3)(~+3)=-3= 1 Coefficient of X2
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Example 4 : Find a quadratic polynomial, the sum and product of whose zeroes are
—3and 2, respectively.

Solution : Let the quadratic polynomial be ax® + bx + ¢, and its zeroes be o and B.
We have

g
ocB———a

d = 2= <
an of = =3

Ifa=1,thenb=3andc=2.
So, one quadratic polynomial which fitsthe given conditionsisx? + 3x + 2.

You can check that any other quadratic polynomial that fits these conditionswill
be of the form k(>? + 3x + 2), where k is real.

Let us now look at cubic polynomials. Do you think a similar relation holds
between the zeroes of a cubic polynomial and its coefficients?

Let us consider p(x) = 2x® — 5x% — 14x + 8.

You can check that p(x) = Ofor x =4, -2, % Since p(x) can have atmost three

zeroes, these are the zeores of 2x% — 5x2 — 14x + 8. Now,

sum of the zeroes = 4+ (<2) + = =2 = (-9 _ (Coefi.“u.:lent of A )
2 2 2 Coefficient of x

product of the zeroes= 4 x (—2) x % _ _4- =8 _ =Condant term

2 Coefficient of 5

However, there is one more relationship here. Consider the sum of the products
of the zeroes taken two at atime. We have

{4x(-2)} + {(—2) x%} + {% X 4}

- —8—1+2=_7=__14 _ Coeff.lc.:lent of x .
2 Coefficient of x*
In general, it can be proved that if o, B, y are the zeroes of the cubic polynomial

ax® + bx? + cx + d, then
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b
(x+[3+y—;

c

of + Py +yo =,
—d
(xBy: ?

Let us consider an example.

1
Example 5* : Verify that 3, -1, 3 are the zeroes of the cubic polynomial

p(x) = 3x®—5x2 — 11x — 3, and then verify the relationship between the zeroes and the
coefficients.
Solution : Comparing the given polynomial with ax® + bx? + cx + d, we get
a=3,b=-5¢c=-11,d=-3. Further
p(A) =3x3F-(5x3F—-(11x3)-3=81-45-33-3=0,
p(-1) =3 x(-1)*-5x%x (-1)?’-11 % (-1) -3=-3-5+11-3 =0,

{3

1
Therefore, 3, -1 and 3 are the zeroes of 3x® —5x° — 11x — 3.
So, wetakea=3,B=-1landy= _é.
Now,

1 1 5 —
o+PB+y=3+(-D+|—<|=2-==—=——"=—>
P+v -1 [3) 3°3" 3

1 1 1 -1 ¢
o+ By+yoc=3><(—1)+(—1)><(—§j+(——j><3=—3+§—1=?:5,

PO -3 _-d
ocBy—Bx(l)x[ 3) 1=—> 3

* Not from the examination point of view.
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EXERCISE 2.2
1. Findthezeroesof thefollowing quadratic polynomiasand verify therelationship between
the zeroes and the coefficients.
(i) x*—2x-8 (i) 488—4s+1 (i) 6x2—3—-7x
(iv) 4u?+8u (v) t2-15 (vi) 3¢—x—-4

2. Find aquadratic polynomial each with the given numbers as the sum and product of its
zeroesrespectively.

) 711.—1 (i) ﬁ.% (iii) 0, /5

v) 11 1l ) 41

) 1, W -5 (vi) 4
24 Summary

In this chapter, you have studied the following points:

1. Polynomials of degrees 1, 2 and 3 are called linear, quadratic and cubic polynomials
respectively.

2. A quadratic polynomial inxwithreal coefficientsisof theform ax? + bx + c, wherea, b, ¢
arereal numberswith a= 0.

3. Thezeroesof apolynomial p(x) are precisely the x-coordinates of the points, wherethe
graph of y = p(x) intersectsthe x-axis.

4. A quadratic polynomial can have at most 2 zeroes and a cubic polynomial can have
at most 3 zeroes.
5. If ovand 3 are the zeroes of the quadratic polynomial ax? + bx + c, then
o+p= —E. of=—
a

6. If a, B, yarethe zeroes of the cubic polynomial ax® + bx? + cx + d, then

0c+[3+y:_—b,
a
c
oaf+py+yoe=—>
a

-d
and afy=—-
a
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PAIR OF L INEAR EQUATIONS
IN TWO VARIABLES

3.1 Introduction
You must have come across situations like the one given below :

Akhilawent to afair in her village. Shewanted to enjoy rides on the Giant Wheel
and play Hoopla (agame in which you throw aring on theitemskept in astall, and if
the ring covers any object completely, you get it). The number of times she played
Hoopla is half the number of rides she had on the Giant Wheel. If each ride costs
% 3, and agame of Hoopla costs? 4, how would you find out the number of rides she
had and how many times she played Hoopla, provided she spent ¥ 20.

May be you will try it by considering different cases. If she has oneride, isit
possible? Isit possible to have two rides? And so on. Or you may use the knowledge
of Class IX, to represent such situations as linear equations in two variables.

A [T A/ \
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Let us try this approach.

Denote the number of rides that Akhila had by x, and the number of times she
played Hoopla by y. Now the situation can be represented by the two equations:

1
y=5x D
X+4y=20 2

Can we find the solutions of this pair of equations? There are several ways of
finding these, which we will study in this chapter.

3.2 Graphical Method of Solution of aPair of Linear Equations

A pair of linear equationswhich hasno solution, iscalled an inconsistent pair of linear
equations. A pair of linear equationsin two variables, which hasasolution, iscalled a
consistent pair of linear equations. A pair of linear equationswhich are equivalent has
infinitely many distinct common solutions. Such apair is called adependent pair of
linear equations in two variables. Note that a dependent pair of linear equations is
alwaysconsistent.

We can now summarisethe behaviour of linesrepresenting apair of linear equations
intwo variables and the existence of solutions asfollows:

(i) thelinesmay intersect in asingle point. In this case, the pair of equations
has a unique sol ution (consistent pair of equations).

(i) the lines may be paralel. In this case, the equations have no solution
(inconsistent pair of equations).

(iii) thelinesmay be coincident. In thiscase, the equations haveinfinitely many
solutions [dependent (consistent) pair of equations].

Consider thefollowing three pairs of equations.

(i) x—2y=0and3x+4y—-20=0 (Thelinesintersect)

(i) 2x+3y—9=0and4x+6y—18=0 (Thelinescoincide)

(i) x+2y—4=0and2x+4y—-12=0 (Thelinesareparalel)

Let us now write down, and compare, the values of i, % and c& inal the
2 7 2

three examples. Here, a,, b, ¢, and a,, b,, ¢, denote the coefficents of equations
giveninthe general formin Section 3.2.
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Table 3.1
9 b, G
Sl | Pair of lines — | = | Compare the | Graphical Algebraic
a, b, | c ; .. .
No. ratios representation|interpretation
L |x—2y=0 2o |ah Intersecting |Exactl
L x=2y= = — | =< ntersecting |Exactly one
3x + 4y ~20=0 3 4 —20 % b2 lines solution
(unique)
o axraymomo | 2] SE( =2 [ et [rmnite
. | 2x+3y—-9= 4 6 _18 a, bz ¢, '01n01 ent nfinitely :
lines many solutions
4x+6y—18=0
3 leezyoazo |22 |22 ﬂ‘ﬁqﬁipaulr No soluti
. | x+2y-4= i~ - | —= = arallel lines |No solution
Y 2 |4 |12 |a B o
2x+4y—-12=0

From the table above, you can observe that if the lines represented by the equation

ax+by+c =0

and ax+by+c, =0
" . a b
are (i) intersecting, then L1
a )
. .. a b ¢
(ii) coincident, then — = — = —-
a b ¢
a b ¢
(iii) parallel, then —=—# —-

a b ¢
In fact, the converse is also true for any pair of lines. You can verify them by
considering some more examples by yourself.

Let us now consider some more examples to illustrate it.

Example 1 : Check graphically whether the pair of equations

x+3y=06 (D)
and 2x -3y =12 2)
is consistent. If so, solve them graphically.

Solution : Let us draw the graphs of the Equations (1) and (2). For this, we find two
solutions of each of the equations, which are given in Table 3.2
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Table 3.2

Plot the points A(0, 2), B(6, 0), ﬁ*
P(0, — 4) and Q(3, — 2) on graph it B
paper, and join the points to form the

lines AB and PQ as shown in
Fig.3.1. seag

We observe that there is a point
B (6, 0) common to both the lines
AB and PQ. So, the solution of the
pair of linear equations is x = 6 and

y=0,1i.e., the given pair of equations

18 consistent.

Fig. 3.1

Example 2 : Graphically, find whether the following pair of equations has no solution,
unique solution or infinitely many solutions:

Sx-8y+1=0 (D
3 Ea 28 0 2
x-S Y+ s = ()
Solution : Multiplying Equation (2) by 3 we get
S5x-8y+1=0

But, this is the same as Equation (1). Hence the lines represented by Equations (1)
and (2) are coincident. Therefore, Equations (1) and (2) have infinitely many solutions.

Plot few points on the graph and verify it yourself.

Example 3 : Champa went to a ‘Sale’ to purchase some pants and skirts. When her
friends asked her how many of each she had bought, she answered, ‘“The number of
skirts is two less than twice the number of pants purchased. Also, the number of skirts
is four less than four times the number of pants purchased”. Help her friends to find
how many pants and skirts Champa bought.

Reprint 2026-27



28 MATHEMATICS

Solution : Let us denote the number of pants by x and the number of skirts by y. Then
the equations formed are :

y=2x-2 (D
and y=4x-4 2)

Let us draw the graphs of
Equations (1) and (2) by finding two
solutions for each of the equations.
They are given in Table 3.3.

Table 3.3

X 2 0

y=4x-4 | -4 0

Plot the points and draw the lines passing through them to represent the equations,
as shown in Fig. 3.2.

The two lines intersect at the point (1, 0). So, x =1, y = 0 is the required solution
of the pair of linear equations, i.e., the number of pants she purchased is 1 and she did
not buy any skirt.

Verify the answer by checking whether it satisfies the conditions of the given
problem.

EXERCISE 3.1
1. Form the pair of linear equations in the following problems, and find their solutions
graphically.

@ 10 students of Class X took part in a Mathematics quiz. If the number of girls is 4
more than the number of boys, find the number of boys and girls who took part in
the quiz.
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(i) 5 pencils and 7 pens together cost T 50, whereas 7 pencils and 5 pens together
cost ¥ 46. Find the cost of one pencil and that of one pen.

2. On comparing the ratios &, % and 4 , find out whether the lines representing the
& )
following pairs of linear equationsintersect at apoint, are parallel or coincident:
(i) 5x—4y+8=0 (i) 9x+3y+12=0
7xX+6y—9=0 18x+6y+24=0
(i) 6x—3y+10=0
2X—-y+9=0
- SR SN g )
3. On comparing theratios 2, b and G, , find out whether the following pair of linear
2 b
equations are consistent, or inconsistent.
(i) 3x+2y=5; 2x-3y=7 (i) 2x—3y=8; 4x-6y=9
(i) gx+:—53y: 7. 9x—10y=14 (iv) 5x=3y=11; —10x+6y=—22

4
(v) §x+ 2y =8 ; 2x+3y=12

4. Which of the following pairs of linear equations are consistent/inconsistent? |f
consistent, obtain the solution graphically:

(i) x+y=5, 2x+2y=10
(i) x-y=8, 3x—-3y=16
(i) 2x+y—-6=0, 4x—-2y—-4=0
(iv) 2x—-2y—2=0, 4x-4y-5=0

5. Half the perimeter of arectangular garden, whose length is4 m more than itswidth, is
36 m. Find the dimensions of the garden.

6. Giventhelinear equation 2x + 3y —8 = 0, write another linear equation in two variables
such that the geometrical representation of the pair so formed is:
(i) intersecting lines (ii) parallée lines
(iii) coincident lines
7. Draw the graphs of the equationsx —y + 1 = 0 and 3x + 2y — 12 = 0. Determine the

coordinates of the vertices of the triangle formed by these lines and the x-axis, and
shade the triangular region.
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3.3 Algebraic Methods of Solving a Pair of Linear Equations

In the previous section, we discussed how to solve a pair of linear equations graphically.
The graphical method is not convenient in cases when the point representing the

solution of the linear equations has non-integral coordinates like (\/§ 2\/7),

4 1
(-1.75,3.3), (B E) , etc. There is every possibility of making mistakes while reading

such coordinates. Is there any alternative method of finding the solution? There are
several algebraic methods, which we shall now discuss.

3.3.1 Substitution Method : We shall explain the method of substitution by taking
some examples.
Example 4 : Solve the following pair of equations by substitution method:
Tx—15y=2 €))
x+2y=3 (2)
Solution :
Step 1 : We pick either of the equations and write one variable in terms of the other.
Let us consider the Equation (2) :
x+2y=3
and write it as x=3-2y 3)
Step 2 : Substitute the value of x in Equation (1). We get
73-2y)—15y=2

ie., 21 - 14y - 15y=2

ie., -29y=-19
19

Therefore, Y= 79

Step 3 : Substituting this value of y in Equation (3), we get

o 49 19
Therefore, the solution is x = 2—9 , V= T=.
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49 19
Verification : Substituting x = 29 andy= 29" you can verify that both the Equations

(1) and (2) are satisfied.
To understand the substitution method more clearly, let us consider it stepwise:

Step 1 : Find the value of one variable, say y in terms of the other variable, i.e., x from
either equation, whichever is convenient.

Step 2 : Substitute this value of y in the other equation, and reduce it to an equation in
one variable, i.e., in terms of x, which can be solved. Sometimes, as in Examples 9 and
10 below, you can get statements with no variable. If this statement is true, you can
conclude that the pair of linear equations has infinitely many solutions. If the statement
is false, then the pair of linear equations is inconsistent.

Step 3 : Substitute the value of x (or y) obtained in Step 2 in the equation used in

Step 1 to obtain the value of the other variable.

Remark : We have substituted the value of one variable by expressing it in terms of
the other variable to solve the pair of linear equations. That is why the method is
known as the substitution method.

Example 5 : Solve the following question—Aftab tells his daughter, “Seven years
ago, I was seven times as old as you were then. Also, three years from now, I shall be
three times as old as you will be.” (Isn’t this interesting?) Represent this situation
algebraically and graphically by the method of substitution.

Solution : Let s and ¢ be the ages (in years) of Aftab and his daughter, respectively.
Then, the pair of linear equations that represent the situation is

s=T=T@-T),ie,s-Tt+42=0 (1
and s+3=3(+3),ie,5s-3t=6 2)
Using Equation (2), we get s = 3¢ + 6.
Putting this value of s in Equation (1), we get

(Bt+6)-Tt+42= 0,
i.e., 4t = 48, which gives r = 12.
Putting this value of # in Equation (2), we get
s=3(12)+6=42
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So, Aftab and his daughter are 42 and 12 years old, respectively.

Verify this answer by checking if it satisfies the conditions of the given problems.
Example 6 : In a shop the cost of 2 pencils and 3 erasers is 39 and the cost of 4
pencils and 6 erasers is X18. Find the cost of each pencil and each eraser.

Solution : The pair of linear equations formed were:

2x+3y=9 (D)
4x + 6y = 18 2)
We first express the value of x in terms of y from the equation 2x + 3y = 9, to get
9 -3y
x= 3)

Now we substitute this value of x in Equation (2), to get

409-3
u +6y=18
2
ie., 18-6y+6y= 18
ie., 18= 18

This statement is true for all values of y. However, we do not get a specific
value of y as a solution. Therefore, we cannot obtain a specific value of x. This
situation has arisen because both the given equations are the same. Therefore,
Equations (1) and (2) have infinitely many solutions. We cannot find a unique
cost of a pencil and an eraser, because there are many common solutions, to the
given situation.

Example 7 : Two rails are represented by the equations
x+2y—-4=0and 2x + 4y — 12 = 0. Will the rails cross each other?

Solution : The pair of linear equations formed were:

x+2y-4=0 (1)
2x+4y-12=0 2)
We express x in terms of y from Equation (1) to get
x=4-2y

Now, we substitute this value of x in Equation (2) to get
24-2y)+4y-12=0
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ie., 8-12=0
ie, -4=0
which is a false statement.

Therefore, the equations do not have a common solution. So, the two rails will not
cross each other.

EXERCISE 3.2
1. Solvethefollowing pair of linear equations by the substitution method.
(i) x+y=14 (i) s—t=3
s t
—V= -4+ —= 6
X—-y=4 375
(i) 3x-y=3 (iv) 0.2x+0.3y=1.3
9x—3y=9 0.4x+05y=23
33X 5
v) V2x+43y=0 (vi) 7—%=—2
x y 13
— = = 1
J3x-By=0 3 2 6
2. Solve 2x + 3y = 11 and 2x — 4y = — 24 and hence find the value of ‘m’ for which

y=mx+3.

3. Formthe pair of linear equationsfor the following problems and find their solution by
substitution method.

(i) Thedifference between two numbersis26 and one number isthreetimesthe other.
Find them.

(i) Thelarger of two supplementary angles exceeds the smaller by 18 degrees. Find
them.

(iif) The coach of acricket team buys 7 bats and 6 balls for ¥ 3800. Later, she buys 3
bats and 5 ballsfor ¥ 1750. Find the cost of each bat and each ball.

(iv) Thetaxi chargesinacity consist of afixed chargetogether with the chargefor the
distance covered. For a distance of 10 km, the charge paid is ¥ 105 and for a
journey of 15 km, the charge paid is¥ 155. What are the fixed charges and the
charge per km? How much does a person have to pay for travelling a distance of
25km?

(v) A fraction becomes g , if 2 isadded to both the numerator and the denominator.

If, 3 is added to both the numerator and the denominator it becomes g . Find the
fraction.
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(vi) Fiveyears hence, the age of Jacob will be three times that of his son. Five years
ago, Jacob'’s age was seven times that of his son. What are their present ages?

3.3.2 Elimination Method

Now let us consider another method of eliminating (i.e., removing) onevariable. This
issometimes more convenient than the substitution method. L et us see how thismethod
works.

Example 8 : The ratio of incomes of two personsis 9 : 7 and the ratio of their
expendituresis 4 : 3. If each of them manages to save ¥ 2000 per month, find their
monthly incomes.

Solution : Let us denote the incomes of the two person by ¥ 9x and ¥ 7x and their
expenditures by ¥ 4y and % 3y respectively. Then the equations formed in the situation
isgivenby :

9x — 4y = 2000 (1)
and 7x — 3y = 2000 2
Sep 1: Multiply Equation (1) by 3 and Equation (2) by 4 to make the coefficients of
y equal. Then we get the equations:

27x — 12y = 6000 ©)
28x — 12y = 8000 (4)

Step 2 : Subtract Equation (3) from Equation (4) to eliminatey, because the coefficients
of y are the same. So, we get

(28x — 27x) — (12y — 12y) = 8000—6000
i.e, x = 2000
Step 3 : Substituting this value of xin (1), we get
9(2000) — 4y = 2000
i.e, y = 4000
So, the solution of the equationsisx = 2000, y = 4000. Therefore, the monthly incomes
of the persons are ¥ 18,000 and ¥ 14,000, respectively.

Verification : 18000 : 14000 = 9 : 7. Also, the ratio of their expenditures =
18000 —2000 : 14000 —2000=16000: 12000=4:3

Remarks :

1. Themethod used in solving the example aboveis called the elimination method,
because we eliminate one variablefirst, to get alinear equation in one variable.
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In the example above, we eliminated y. We could aso have eliminated x. Try
doing it that way.
2. You could also have used the substitution, or graphical method, to solve this
problem. Try doing so, and see which method is more convenient.
Let us now note down these steps in the elimination method :
Step 1: First multiply both the equations by some suitable non-zero constantsto make
the coefficients of one variable (either x or y) numerically equal.

Siep 2 : Then add or subtract one equation from the other so that one variable gets
eliminated. If you get an equation in one variable, go to Step 3.

If in Step 2, we obtain a true statement involving no variable, then the original
pair of equations hasinfinitely many solutions.

If in Step 2, we obtain afalse statement involving no variable, then the original
pair of equationshasno solution, i.e., itisinconsistent.

Sep 3: Solve the equation in one variable (x or y) so obtained to get its value.

Sep 4 Substitute this value of x (or y) in either of the original equations to get the
value of the other variable.

Now to illustrate it, we shall solve few more examples.

Example9: Useelimination method to find al possible solutions of thefollowing pair
of linear equations:

2x+3y=8 )
4x+ 6y =7 2
Solution :

Step 1 : Multiply Equation (1) by 2 and Equation (2) by 1 to make the
coefficients of x equal. Then we get the equations as :

4x + 6y = 16 (3)

Ax+6y=7 4
Step 2 @ Subtracting Equation (4) from Equation (3),

(4x—4x) + (6y —6y) = 16 -7

i.e, 0= 9, whichis afalse statement.
Therefore, the pair of equations has no solution.

Example 10 : The sum of atwo-digit number and the number obtained by reversing
thedigitsis66. If thedigitsof the number differ by 2, find the number. How many such
numbers are there?
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Solution : Let theten’sand the unit’sdigitsin thefirst number be x and y, respectively.
So, the first number may be written as 10x +y in the expanded form (for example,
56 = 10(5) + 6).

When the digits are reversed, x becomesthe unit’sdigit and y becomestheten’s
digit. This number, in the expanded notation is 10y + x (for example, when 56 is
reversed, we get 65 = 10(6) + 5).

According to the given condition.
(10x +y) + (10y + x) = 66

i.e, 11(x +vy) = 66

i.e, X+y=26 D
We are also given that the digits differ by 2, therefore,

either X—y=2 2
or y—x=2 3

If x—y =2, then solving (1) and (2) by elimination, weget x=4andy = 2.
In this case, we get the number 42.

If y—x =2, then solving (1) and (3) by elimination, weget x=2 and y = 4.
In this case, we get the number 24.
Thus, there are two such numbers 42 and 24.
Verification : Here42+24=66and4—-2=2.Also24+42=66and4 -2 = 2.

EXERCISE 3.3

1. Solvethefollowing pair of linear equations by the elimination method and the substitution
method :
() x+y=5and 2x—-3y=4 (i) 3x+4y=10 and 2x—2y=2
X 2
(i) 3x—5y—4=0 and 9x=2y+7 (iv) §+?y=—1and X—%=3

2. Form the pair of linear equations in the following problems, and find their solutions
(if they exist) by the elimination method :

(i) If weadd 1tothenumerator and subtract 1 from the denominator, afraction reduces

1
to 1. It becomes 5 if weonly add 1 to the denominator. What is the fraction?

(i) Fiveyearsago, Nuri wasthriceasold as Sonu. Tenyearslater, Nuri will betwiceas
old as Sonu. How old are Nuri and Sonu?

(i) Thesum of the digits of atwo-digit number is 9. Also, nine times this number is
twice the number obtained by reversing the order of the digits. Find the number.
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(iv) Meena went to a bank to withdraw ¥ 2000. She asked the cashier to give her
¥ 50 and ¥ 100 notes only. Meena got 25 notes in all. Find how many notes of
¥ 50 and 100 shereceived.

(v) Alendinglibrary hasafixed chargefor thefirst three daysand an additional charge
for each day thereafter. Sarithapaid X 27 for abook kept for seven days, while Susy
paid ¥ 21 for the book she kept for five days. Find the fixed charge and the charge
for each extraday.

34 Summary
In this chapter, you have studied the following points:
1. A pair of linear equationsin two variables can be represented, and solved, by the:
(i) graphica method
(i) agebraic method
2. Graphical Method :
The graph of apair of linear equationsin two variablesis represented by two lines.

(i) If thelinesintersect at apoint, then that point gives the unique solution of the two
equations. In this case, the pair of equationsis consistent.

(i) If thelines coincide, then there are infinitely many solutions — each point on
the line being a solution. In this case, the pair of equations is dependent
(consistent).

(iii) If thelinesare paralel, then the pair of equations has no solution. In this case, the
pair of equationsisinconsistent.
3. Algebraic Methods: We have discussed the following methodsfor finding the solution(s)
of apair of linear equations:
(i) Substitution Method
(i) Elimination Method
4. If apair of linear equationsisgivenby ax+by+c =0andax+b,y+c,=0,thenthe
following situations can arise:

0] & # % > Inthis case, the pair of linear equations is consistent.
a

(i) 4. # —= . Inthis case, the pair of linear equations is inconsistent.
a b ¢

(iii) & % _t : Inthiscase, thepair of linear equations isdependent and consistent.
a )

5. Thereare several situationswhich can be mathematically represented by two equations
that are not linear to start with. But we alter them so that they are reduced to a pair of
linear equations.
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QUADRATIC EQUATIONS

4.1 Introduction

In Chapter 2, you have studied different types of polynomials. One type was the
quadratic polynomial of theform ax? + bx + ¢, a= 0. When we equate this polynomial
to zero, we get aquadratic equation. Quadratic equations come up when we deal with
many real-life situations. For instance, suppose a
charity trust decidesto build aprayer hall having
acarpet area of 300 square metreswith itslength
one metre more than twice its breadth. What
should be the length and breadth of the hall?
Suppose the breadth of the hall isx metres. Then, 2 +1
itslength should be (2x + 1) metres. We can depict _

thisinformation pictorially asshowninFig. 4.1. Fig. 4.1

x 300 m?

Now, areaof thehal = (2x + 1). x m? = (2% + x) m?
o, 2x+x =300 (Given)
Therefore, 2% +x—-300=0

So, the breadth of the hall should satisfy the equation 2x? + x —300 = 0whichisa
quadratic equation.

Many peopl e believethat Babylonianswerethefirst to solve quadratic equations.
For instance, they knew how to find two positive numbers with a given positive sum
and a given positive product, and this problem is equivalent to solving a quadratic
equation of the form x2 — px + q = 0. Greek mathematician Euclid developed a
geometrical approach for finding out lengths which, in our present day terminol ogy,
are solutions of quadratic equations. Solving of quadratic equations, in general form, is
often credited to ancient Indian mathematicians. In fact, Brahmagupta (C.E.598-665)
gave an explicit formula to solve a quadratic equation of the form ax? + bx = c. Later,
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Sridharacharya (C.E. 1025) derived aformula, now known as the quadratic formula,
(asquoted by Bhaskarall) for solving aquadratic equation by the method of completing
the square. An Arab mathematician Al-Khwarizmi (about C.E. 800) also studied
guadratic equations of different types. Abraham bar Hiyya Ha-Nasi, in his book
‘Liber embadorum’ published in Europe in C.E. 1145 gave complete solutions of
different quadratic equations.

In this chapter, you will study quadratic equations, and various ways of finding
their roots. You will also see some applications of quadratic equations in daily life
situations.

4.2 Quadratic Equations

A quadratic equation in the variable x isan equation of the form ax? + bx + c=0, where
a, b, c arereal numbers, a = 0. For example, 2¢ + x—300 = 0 is a quadratic equation.
Similarly, 2 -3x+1=0,4x—-3x +2=0and 1 —x2 + 300 = 0 are also quadratic
equations.

In fact, any equation of the form p(x) = 0, where p(x) is a polynomial of degree
2, isaquadratic equation. But when we write the terms of p(x) in descending order of
their degrees, then we get the standard form of the equation. That is, ax? + bx+ ¢ =0,
a# 0iscaled the standard form of a quadratic equation.

Quadratic equations arise in several situations in the world around us and in
different fields of mathematics. Let us consider afew examples.
Example 1 : Represent the following situations mathematically:

(i) Johnand Jivanti together have 45 marbles. Both of them lost 5 marbles each, and
the product of the number of marblesthey now haveis124. Wewould liketo find
out how many marbles they had to start with.

(i) A cottage industry produces a certain number of toys in a day. The cost of
production of each toy (in rupees) was found to be 55 minus the number of toys
produced in a day. On a particular day, the total cost of production was
% 750. We would like to find out the number of toys produced on that day.

Solution :
(i) Let the number of marbles John had be x.
Then the number of marbles Jivanti had = 45 —x (Why?).
The number of marbles left with John, when helost 5 marbles=x—-5
The number of marbles left with Jivanti, when shelost 5 marbles=45—-x -5
=40-x
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Therefore, their product = (X —5) (40 — x)
= 40x — X2 — 200 + 5x

= — %%+ 45x — 200
So, — X%+ 45x—200 = 124 (Given that product = 124)
ie, —xX+45x-324=0
i.e, X2—45x+324=10

Therefore, the number of marbles John had, satisfies the quadratic equation
X2—45x+324=10
which istherequired representation of the problem mathematically.
(i) Let the number of toys produced on that day be x.
Therefore, the cost of production (in rupees) of each toy that day = 55 — x
So, the total cost of production (in rupees) that day = x (55 —X)

Therefore, X (55 —-x) = 750
e, 55x —x2 = 750
i.e, —-Xx2+55x—-750=0
i.e, X2 —55x+750= 0

Therefore, the number of toys produced that day satisfies the quadratic equation
X2 —55x+ 750 = 0
which istherequired representation of the problem mathematically.

Example 2 : Check whether the following are quadratic equations:
(i) (x=2)*+1=2x-3 (i) X(x+1) +8=(x+2) (x—2)
(i) x(2x+3)=x2+1 (iv) (x+22=x2-4
Solution :
() LHS=(x—-2)2+1=x2-4x+4+1=x2-4x+5
Therefore, (x — 2)?+ 1 = 2x — 3 can be rewritten as
X2—4x+5=2x-3
i.e., X¥—-6x+8=0
Itisof theformax? + bx + c=0.
Therefore, the given equation is a quadratic equation.
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(if)

(i)

(iv)

Sincex(x+1)+8=x*+x+8and (x+2)(x—-2)=x*—4

Therefore, X¥+x+8=x2-4

i.e, x+12=0

It isnot of theform ax?+ bx + ¢ = 0.

Therefore, the given equation is not a quadratic equation.

Here, LHS=x(2x + 3) = 2x2 + 3x

So, X (2x + 3) = x* + 1 can be rewritten as
2%+ 3X=x2+1

Therefore, weget x*+3x—1=0

Itisof theformax®+ bx +c=0.

So, the given equation is aquadratic equation.

Here, LHS=(x+2)°=x*+6x2+12x + 8

Therefore, (x + 2)* = x® — 4 can be rewritten as
xX¥+6x2+12x+8=x2 -4

i.e., 6+ 12x+12=0 or, X*+2x+2=0

Itisof theformax? + bx + c=0.
S0, the given equation is aquadratic equation.

Remark : Be careful! In (ii) above, the given equation appears to be a quadratic
equation, but it isnot aquadratic equation.

In (iv) above, the given equation appears to be a cubic equation (an equation of

degree 3) and not a quadratic equation. But it turns out to be a quadratic equation. As
you can see, often we need to simplify the given equation before deciding whether it
isquadratic or not.

EXERCISE 4.1
1. Check whether the following are quadratic equations :
i) (x+1)2=2(x-3) (i) x*—2x=(-2) (3—X)
@([i) x=2)(x+1)=(x-21)(x+3) (iv) (x=3)(2x+1) =x(x+5)
(v) (2x=1)(x=3)=(x+5)(x—1) (vi) X2+ 3x+1=(x—2)2
(vil) (x+22=2x(x2-1) (viil) X¥—AE—x+1=(x-2)°

2. Represent the following situations in the form of quadratic equations :

(i) Theareaof arectangular plot is 528 m2. The length of the plot (in metres) is one
more than twice its breadth. We need to find the length and breadth of the plot.
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(i) The product of two consecutive positive integers is 306. We need to find the
integers.

(i) Rohan’s mother is 26 years older than him. The product of their ages (in years)
3yearsfrom now will be 360. Wewould like to find Rohan’s present age.

(iv) A train travels a distance of 480 km at a uniform speed. If the speed had been
8 km/hless, then it would have taken 3 hours moreto cover the same distance. \We
need to find the speed of the train.
4.3 Solution of aQuadratic Equation by Factorisation

Consider the quadratic equation 2x2 — 3x + 1 = 0. If we replace x by 1 on the
LHS of this eguation, we get (2 x 1%) — (3 x 1) + 1 = 0 = RHS of the equation.
We say that 1 isaroot of the quadratic equation 2x?—3x + 1 = 0. This also means that
lisazero of the quadratic polynomial 2x% —3x + 1.

In general, a real number o is called a root of the quadratic equation
ax?+bx+c=0,az0if ac?+bo +c=0. Wealso say that x = o is a solution of
the quadratic equation, or that o satisfies the quadratic equation. Note that the
zeroes of the quadratic polynomial ax? + bx + ¢ and the roots of the quadratic
equation ax? + bx + ¢ = 0 are the same.

You have observed, in Chapter 2, that a quadratic polynomial can have at most
two zeroes. So, any quadratic equation can have atmost two roots.

You havelearnt in Class X, how to factorise quadratic polynomials by splitting
their middle terms. We shall use this knowledge for finding the roots of a quadratic
equation. Let us see how.

Example 3 : Find the roots of the equation 2x* — 5x + 3 = 0, by factorisation.

Solution : Let usfirst split the middle term — 5x as —2x —3x [because (—2x) x (=3x) =
6x% = (2x%) x 3].

SO, 2 -5x+3=2¢%—-2x—-3Xx+3=2x(x—1) -3(x—1) = (2x—=3)(x - 1)
Now, 2x? — 5x + 3 = 0 can be rewritten as (2x — 3)(x —1) = 0.

So, the values of x for which 2x2 —5x + 3 = 0 are the same for which (2x—3)(x—1) =0,
i.e, either 2x—3=00rx—1=0.

3
Now, 2x —3 = 0 gives X=§ andx—1=0givesx=1.
3
So, X=§ and x = 1 are the solutions of the equation.

3
In other words, 1 and 5 are the roots of the equation 2x? —5x + 3 =0.

Verify that these are the roots of the given equation.
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Note that we have found the roots of 2x> — 5x + 3 = 0 by factorising
2x% — 5x + 3 into two linear factors and equating each factor to zero.

Example 4 : Find the roots of the quadratic equation 6x2—x —2 = 0.
Solution : We have
X2 —X—2=6X2+3Xx—4x—2
=3x(2x+1)-2(2x+1)
=(Bx—-2)(2x+1)
The roots of 6x2 —x — 2 = 0 are the values of x for which (3x—2)(2x+ 1) =0
Therefore, 3x—2=0o0r 2x+1=0,

e -2 or -
ie, X = 3 X = 2

2 1
Therefore, the roots of 6x2—x—2=0are§ and -

2 1
We verify the roots, by checking that 3 and ~ satisfy 6x2 —x—2=0.
Example 5 : Find the roots of the quadratic equation 3x2 — 2./6x+2=0-

Solution : 3x2 — 2/6x+ 2 = 3x% —\/6x —/6x+ 2
= Vax(V3x-2) -v2(\3x-+2)
= (V3x-2)(3x—2)

So, the roots of the equation are the values of x for which

(V3x-V2)(v3x - V2) =0
Now, /3x—+/2 =0 for X=\E.

So, this root is repeated twice, one for each repeated factor +/3x—+/2..

Therefore, the roots of 3x2 —2./6x+2=0 are \E : \E :
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Example 6 : Find the dimensions of the prayer hall discussed in Section 4.1.

Solution : In Section 4.1, we found that if the breadth of the hall is x m, then x
satisfies the equation 2x? + x — 300 = 0. Applying the factorisation method, we write
thisequation as

252 — 24x + 25x — 300 = 0
2X (x—12) + 25 (x—12) = 0
ie, (x—12)(2x + 25) = 0

So, theroots of the given equation arex = 12 or x=—12.5. Since X isthe breadth
of the hall, it cannot be negative.

Thus, the breadth of the hall is12 m. Itslength =2x + 1 =25m.

EXERCISE 4.2
1. Find the roots of the following quadratic equations by factorisation:
(i) x*—3x-10=0 (i) 22 +x-6=0
(i) V2x*+7x+5/2=0 (iv) 2x2—x+é:0

(v) 100x2-20x+1=0
Solvethe problemsgivenin Example 1.
Find two numbers whose sum is 27 and product is 182.
Find two consecutive positive integers, sum of whose squares is 365.

Thealtitude of aright triangleis 7 cmlessthan itsbase. If the hypotenuseis 13 cm, find
the other two sides.

6. A cottageindustry producesacertain number of pottery articlesinaday. It was observed
on aparticular day that the cost of production of each article (in rupees) was 3 more than
twicethe number of articles produced on that day. If thetotal cost of production on that
day was ¥ 90, find the number of articles produced and the cost of each article.

a bk~ w D

4.4 Nature of Roots

The equation ax? + bx + ¢ = 0 are given by
—b b’ 4ac

X= ——

2 —_—
If b2 — 4ac > 0, we get two distinct real roots —£+M and

2a 2a
_b b -dac

2a 2a
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If b —4ac = 0, then x = —— £ 0, i.e, X=-— o ——.
TR E e E T T 2a 2a

-b
So, the roots of the equation ax? + bx + ¢ = 0 are both £~

Therefore, we say that the quadratic equation ax? + bx + ¢ = 0 has two equal
real rootsin this case.

If b2—4ac < 0, then thereisno real number whose square isb? —4ac. Therefore,
there are no real roots for the given quadratic equation in this case.

Since b? — 4ac determines whether the quadratic equation ax? + bx + ¢ = 0 has
real roots or not, b? — 4ac is called the discriminant of this quadratic equation.

So, a quadratic equation ax* + bx + ¢ = 0 has
(i) two distinct real roots, if b?> — 4ac > 0,
(ii) two equal real roots, if b> —4ac = 0,

(iii) noreal roots, if b> —4ac < 0.
Let us consider some examples.

Example 7: Find the discriminant of the quadratic equation 2x*> — 4x + 3 = 0, and
hence find the nature of its roots.

Solution : Thegiven equationisof theformax?+ bx + ¢ =0, wherea=2,b=—-4and
¢ = 3. Therefore, the discriminant

b?—dac=(-4)-(4x2x3)=16-24=-8<0
So, the given equation has no real roots.

Example 8 : A pole has to be erected at a point on the boundary of acircular park of
diameter 13 metres in such a way that the differences of its distances from two
diametrically oppositefixed gatesA and B on the boundary is 7 metres. Isit possibleto
do so? If yes, at what distances from the two gates should the pole be erected?

Solution : Let us first draw the diagram
(see Fig. 4.2). N\

Let P be the required location of the
pole. Let the distance of the pole from the
gate B be x m, i.e., BP = x m. Now the
difference of the distances of the pole from
the two gates = AP — BP (or, BP - AP) = P
7 m. Therefore, AP= (x + 7) m.

Fig. 4.2
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Now, AB = 13m, and since AB is adiameter,
ZAPB = 90° (Why?)

Therefore, AP + PB2= AB? (By Pythagoras theorem)
i.e, (X+7)2+x2= 13
ie., X2+ 14x + 49 + x> = 169
i.e, 2¢+14x—-120= 0
So, the distance ‘x’ of the pole from gate B satisfies the equation
x>+ 7x—60=0

So, it would be possible to place the poleif thisequation hasreal roots. To seeif this
isso or not, let usconsider itsdiscriminant. Thediscriminantis

b?—4ac=72-4x 1 x (—60) = 289> 0.

So, the given quadratic equation hastwo real roots, and it is possible to erect the
pole on the boundary of the park.

Solving the quadratic equation x* + 7x—60 = 0, by the quadratic formula, we get

_ 7++289  -7+17
) 2 )

Therefore, x =5 or — 12.

Since x is the distance between the pole and the gate B, it must be positive.
Therefore, x =— 12 will have to beignored. So, x=5.

Thus, the pole has to be erected on the boundary of the park at a distance of 5m
from the gate B and 12m from the gate A.

1
Example9: Find the discriminant of the equation 3x? — 2x +§ =0and hencefind the
nature of itsroots. Find them, if they arereal.

1
Solution : Herea=3,b=-2 and C=§.

1
Therefore, discriminant b? —4ac = (—2)2—4 x 3 x 3 =4-4=0.

Hence, the given quadratic equation has two equal real roots.

Th t _—b_—bieggie:—Ll
e roots are a s e "t
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EXERCISE 4.3

1. Findthe nature of the roots of the following quadratic equations. If thereal roots exist,
find them:

) 2@—3x+5=0 (i) 32 —4\3x+4=0
(i) 2x*—6x+3=0

2. Findthevaluesof kfor each of the following quadratic equations, so that they have two
equal roots.

i) 2¢+kx+3=0 (i) kx(x—=2)+6=0

3. Isit possible to design a rectangular mango grove whose length is twice its breadth,
and the areais 800 m2? If so, find itslength and breadth.

4. |sthefollowing situation possible? If so, determine their present ages.

The sum of the ages of two friendsis 20 years. Four years ago, the product of their ages
inyearswas48.

5. Isit possibleto design arectangular park of perimeter 80 m and area400 m??If so, find
its length and breadth.

45 Summary
In this chapter, you have studied the following points:

1. A quadratic equationinthevariablexisof theform ax?+ bx+c=0, wherea, b, carereal
numbersand a # 0.

2. A real number a is said to be a root of the quadratic equation ax* + bx + ¢ = 0, if
ao? + bo, + ¢ = 0. The zeroes of the quadratic polynomial ax? + bx + ¢ and theroots of the
quadratic equation & + bx + ¢ = 0 are the same.

3. Ifwecanfactoriseax?+ bx + ¢, a# 0, into aproduct of two linear factors, then the roots
of the quadratic equation ax? + bx + ¢ = 0 can be found by equating each factor to zero.

4. Quadratic formula: The roots of a quadratic equation ax? + bx + ¢ = 0 are given by

/112
M, provided b?—4ac > 0.
2a

5. A quadratic equation ax? + bx + c=0 has

(i) twodistinctreal roots, if b>—4ac> 0,
(i) two equal roots(i.e., coincident roots), if b>—4ac=0, and
(i) noreal roots, if b?—4ac< 0.
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ARITHMETIC PROGRESSIONS

5.1 Introduction

You must have observed that in nature, many things follow a certain pattern, such as
the petals of a sunflower, the holes of a honeycomb, the grains on a maize cob, the
spirals on a pineapple and on a pine cone, etc.

We now look for some patterns which occur in our day-to-day life. Some such
examples are :

(1) Reena applied for a job and got selected. She
has been offered a job with a starting monthly
salary of % 8000, with an annual increment of
¥ 500 in her salary. Her salary (in %) for the 1st,
2nd, 3rd, . . . years will be, respectively

8000, 8500, 9000,....

(i) The lengths of the rungs of a ladder decrease
uniformly by 2 cm from bottom to top
(see Fig. 5.1). The bottom rung is 45 cm in
length. The lengths (in cm) of the 1st, 2nd,
3rd, . . ., 8th rung from the bottom to the top
are, respectively

45,43,41, 39,37, 35, 33,31

Fig. 5.1

(iii) In a savings scheme, the amount becomes — times of itself after every 3 years.

The maturity amount (in ¥) of an investment of ¥ 8000 after 3, 6, 9 and 12 years
will be, respectively :

10000, 12500, 15625, 19531.25
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(iv) The number of unit squaresin squareswith side 1, 2, 3, . . . units (see Fig. 5.2)
are, respectively

12,223 .. ..

Fig. 5.2

(v) Shakila puts¥ 100 into her daughter’s money box when she was one year old
and increased the amount by 50 every year. The amountsof money (ing) inthe
box on the 1st, 2nd, 3rd, 4th, . . . birthday were

100, 150, 200, 250, ...,respectively.

(vi) A pair of rabbitsaretoo young to producein their first month. In the second, and
every subsegquent month, they produce a new pair. Each new pair of rabbits
produce a new pair in their second month and in every subsequent month (see
Fig. 5.3). Assuming no rabbit dies, the number of pairs of rabbits at the start of
the 1st, 2nd, 3rd, . . ., 6th month, respectively are:

1,123,538
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In the examples above, we observe some patterns. In some, we find that the
succeeding terms are obtained by adding a fixed number, in other by multiplying
with a fixed number, in another we find that they are squares of consecutive
numbers, and so on.

In this chapter, we shall discuss one of these patternsin which succeeding terms
are obtained by adding a fixed number to the preceding terms. We shall aso see how
to find their nth terms and the sum of n consecutive terms, and use this knowledgein
solving somedaily life problems.

5.2 ArithmeticProgressions
Consider thefollowing listsof numbers:

M1 23 4...

(i) 100, 70, 40, 10,...

@y =3, =2, -1, O, . . .

(iv) 3, 3,3 3,...

(v) 1.0, -1.5,-2.0,-25, ...

Each of the numbersin thelist iscalled aterm.

Given aterm, can you write the next term in each of the lists above? If so, how
will you write it? Perhaps by following apattern or rule. Let us observe and write the
rule.

In (i), each term is 1 more than the term preceding it.

In (ii), each term is 30 less than the term preceding it.
In (iii), each term is obtained by adding 1 to the term preceding it.

In (iv), al the terms in the list are 3, i.e., each term is obtained by adding
(or subtracting) O to the term preceding it.

In (v), each term is obtained by adding — 0.5 to (i.e., subtracting 0.5 from) the
term preceding it.

Inal thelistsabove, we seethat successivetermsare obtained by adding afixed
number to the preceding terms. Such list of numbersis said to form an Arithmetic
Progression ( AP ).

So, an arithmetic progression is a list of numbers in which each term is
obtained by adding a fixed number to the preceding term except the first
term.

This fixed number is called the common differ ence of the AP. Remember that
it can be positive, negative or zero.
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L et us denote the first term of an AP by a , second term by a,, . . ., nth term by
a, and the common difference by d. Then the AP becomes a,, a,, a,, . . ., a,.

So, a,—-a =a,—-a=... =an—an_1=d.
Some more examples of AP are:
(@) The heights (in cm) of some students of a school standing in a queue in the
morning assembly are 147, 148, 149, . . ., 157.
(b) The minimum temperatures ( in degree celsius ) recorded for a week in the
month of January in acity, arranged in ascending order are
-31,-30,-29,-28,-27,-26,—-25
(c) The balance money (in %) after paying 5 % of the total loan of ¥ 1000 every
month is 950, 900, 850, 800, .. ., 50.
(d) The cash prizes (in %) given by aschool to the toppers of Classes| to XII are,
respectively, 200, 250, 300, 350, . . ., 750.
(e) Thetotal savings (in ) after every month for 10 months when % 50 are saved
each month are 50, 100, 150, 200, 250, 300, 350, 400, 450, 500.
It isleft as an exercise for you to explain why each of the lists above isan AP,
You can see that
aa+da+2d,a+3d,...
represents an arithmetic progression where a is the first term and d the common
difference. Thisis called the general form of an AP.

Note that in examples (a) to (e) above, there are only afinite number of terms.
Such anAPiscalled afinite AP. Also note that each of these Arithmetic Progressions
(APs) hasalast term. The APsin examples (i) to (v) in this section, are not finite APs
and so they are called infinite Arithmetic Progressions. Such APs do not have a
last term.

Now, to know about an AP, what isthe minimum information that you need? Isit
enough to know thefirst term? Or, isit enough to know only the common difference?
You will find that you will need to know both — the first term a and the common
difference d.

For instance if the first term a is 6 and the common difference d is 3, then
the APis
6,912, 15, ...

andif ais6anddis—3, thenthe APis
6,3,0,-3,...

Reprint 2026-27



ARITHMETIC PROGRESSIONS 53

Similarly, when
=-7, =—2, theAPis -7,-9,—-11,-13,...
a= 10, d=0.1, theAPis 10,11,12,13,...

1 _ 1 1
a= 0, d=15, theAPis 0, 15,3,4+,6,...

2" "2
a=2, d=0, the APis 2,2,2,2, ...

So, if you know what a and d are, you can list the AP. What about the other way

round? That is, if you are given alist of numbers can you say that it isan APand then

find aand d? Since aisthefirst term, it can easily be written. We know that in an AR,

every succeeding term is obtained by adding d to the preceding term. So, d found by

subtracting any term fromits succeeding term, i.e., thetermwhich immediately follows
it should be same for an AP,

For example, for thelist of numbers:

6,912, 15, ...,
We have a—-a =9 -6=3,
a,-a,=12-9=3,

a,~a,=15-12=3

Here the difference of any two consecutive terms in each case is 3. So, the
given list isan APwhose first term a is 6 and common differenced is 3.

For thelist of numbers: 6, 3,0,-3, .. .,
a-a=3-6=-3
a,-a,=0-3=-3
a,-a,=-3-0=-3
Similarly thisisalso an AP whose first term is 6 and the common difference
is-3.
In generd, foranAPa,, a, . . ., a, we have
d= 4.8
where a, ., and a, arethe ( k + 1)th and the kth terms respectively.

To obtain d in agiven AP, we need not find all of a,—-a,a,—a,a,—a,....
It isenough to find only one of them.

Consider thelist of numbers1,1,2,3,5,....Bylooking at it, you can tell that the
difference between any two consecutive termsis not the same. So, thisis not an AP,
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Note that to find dinthe AP: 6, 3,0, -3, . . ., we have subtracted 6 from 3
and not 3 from 6, i.e., we should subtract the kth term from the (k + 1) th term
even if the (k + 1) th term is smaller.

Let us make the concept more clear through some examples.

Example 1 : For the AP : g %,— %,— § , . .., write the first term a and the
common difference d.
oution : Hers, a= 2,42 22

ution : Here, a= 5. d=5-5=-1

Remember that we can find d using any two consecutive terms, once we know that
the numbers are in AP,

Example 2 : Which of the following list of numbersform an AP?1f they forman AP,
write the next two terms :
(i) 4,10, 16,22, ... @i 1,-1,-3,-5,...
(i) —2,2,-2,2,-2, ... (iv) 1,1,1,2,2,2,3,3,3,...
Solution : (i) Wehave a,—a, =10-4= 6
a,—a, =16-10=6
a,—a, =22-16 =6
i.e, a,,—a isthesameevery time.
So, the given list of numbers forms an AP with the common difference d = 6.
The next two terms are; 22 + 6 = 28 and 28 + 6 = 34.
(i) a,—-a, =-1-1=-2
a,-a=-3-(-1)=-3+1=-2
a,-a,=-5-(3)=-5+3=-2
i.e, a_,, —a isthesame every time.
So, the given list of numbers forms an AP with the common differenced = —2.
The next two terms are:
-5+ (-2)=-7 and -7+(-2)=-9
(i) a,—a,=2-(-2)=2+2=4
a-a,=-2-2=-4
Asa,—-a # a,—a,, the given list of numbers does not form an AP.

Reprint 2026-27



ARITHMETIC PROGRESSIONS 55

Here,a,—a =a,—a,# a3, —a,
So, the given list of numbers does not form an AP.

EXERCISE 5.1
1. Inwhich of thefollowing situations, doesthelist of numbersinvolved make an arithmetic
progression, and why?

(i) Thetaxi fareafter each kmwhenthefareis¥ 15for thefirst kmand? 8 for each
additional km.

- . . . 1
(i) Theamount of air present in acylinder when avacuum pump removes — of the
air remaining inthecylinder at atime. 4

(iif) Thecost of digging awell after every metre of digging, whenit costs3 150 for the
first metre and rises by ¥ 50 for each subsequent metre.

(iv) The amount of money in the account every year, when ¥ 10000 is deposited at
compound interest at 8 % per annum.

2. Writefirst four terms of the AP, when the first term a and the common difference d are
givenasfollows:

(i) a=10, d=10 (i) a==2, d=0
(i) a=4, =-3 (iv) a=-1, d= >
(v) a==1.25, d=-0.25
3. Forthefollowing APs, writethefirst term and the common difference:
@ 3,1,-1,-3,... (i) =5,-1,3,7,...
1 5 9 13

i) 5 5

3'3'3 3 (iv) 0.6,1.7,2.8,309,...

4. Which of thefollowing are APs ?If they form an AP, find the common differenced and
writethree moreterms.

: 5 o7
i) 2,4,8,16,... i) 2,2,3 2, ...

@) (i) >

(i) —1.2,-3.2,-5.2,-7.2, ... (iv) —10,-6,-2,2, ...

(V) 3,3++2,3+2J2,34+3J2,...  (vi) 02,022,0222,02222, ...
. 1 1 1 1

(vii) 0,—4,-8,-12,... (VIII)—2,—2,—2,—2,...
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i 1,3,927,... ®) a 2a,3a,4a,...
od) a,a%ad a... (i) /2, /8,18, /32, ...
i) /3, /6,9, V12, ... (xiv) 12,32 7, ...

(xv) 12,52, 72, 73,...

5.3 nthTerm of an AP

Let us consider the situation again, given in Section 5.1 in which Reena applied for a
job and got selected. She has been offered the job with a starting monthly salary of
Z 8000, with an annual increment of ¥ 500. What would be her monthly salary for the
fifth year?

To answer this, let us first see what her monthly salary for the second year
would be.

It would be % (8000 + 500) = % 8500. In the same way, we can find the monthly
salary for the 3rd, 4th and 5th year by adding ¥ 500 to the salary of the previous year.
So, the salary for the 3rd year = (8500 + 500)

= ¥ (8000 + 500 + 500)
= ¥ (8000 + 2 x 500)
= % [8000 + (3 —1) x 500] (for the 3rd year)
= ¥ 9000
Salary for the 4th year =3 (9000 + 500)
= ¥ (8000 + 500 + 500 + 500)
= ¥ (8000 + 3 x 500)
= % [8000 + (4 —1) x 500] (for the 4th year)
= %9500
Salary for the 5thyear =3 (9500 + 500)
= ¥ (8000+500+500+500 + 500)
= ¥ (8000 + 4 x 500)
= % [8000 + (5—1) x 500] (for the 5th year)
= 10000
Observe that we are getting a list of numbers
8000, 8500, 9000, 9500, 10000, . . .

These numbers are in AP. (Why?)
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Now, looking at the pattern formed above, can you find her monthly salary for
the 6th year? The 15th year? And, assuming that she will still be working in the job,
what about the monthly salary for the 25th year? You would calcul ate this by adding
% 500 each time to the salary of the previous year to give the answer. Can we make
this process shorter? Let us see. You may have aready got some idea from the way
we have obtained the salaries above.

Salary for the 15th year
Salary for the 14th year + % 500

500+ 500+500 + ...+ 500

13 times

3 |:8000 + }+ % 500

Z [8000 + 14 x 500]
Z [8000 + (15— 1) x 500] = ¥ 15000

i.e, First salary + (15 — 1) x Annual increment.
In the same way, her monthly salary for the 25th year would be
% [8000 + (25— 1) x 500] = ¥ 20000
= First salary + (25— 1) x Annual increment

Thisexamplewould have given you someideaabout how to writethe 15th term,
or the 25th term, and more generally, the nth term of the AP,

Leta, a, a, ... be an AP whose first term a, is a and the common
difference is d.
Then,
the second term a, = a+d=a+(2-1)d
thethirdteem a,=a+d=(a+d)+d=a+2d=a+(3-1)d
thefourthterm a, = a,+d=(a+2d)+d=a+3d=a+(4-1)d

Looking at the pattern, we can say that the nthterma =a+ (n-1) d.

So, the nth term a_ of the AP with first term a and common differencedis
givenbya =a+ (n-1)d.
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a isalso called the general term of the AP. If there are mtermsin the AP, then
a_ represents the last term which is sometimes also denoted by |.

Let us consider some examples.

Example 3 : Find the 10th term of the AP: 2, 7,12, ...
Solution : Here, a=2, d=7-2=5 and n= 10.
We have a=a+(n-1)d

So, a,=2+(10-1)x5=2+45=47
Therefore, the 10th term of the given APis47.

Example4: Whichterm of theAP: 21, 18, 15, .. .is —81?Also, isany term 0? Give
reason for your answer.

Solution : Here,a=21, d=18-21=-3 and a =- 81, and we have to find n.

As a=a+(n-1)d,

wehave —-81=21+(n-1)(-3)
—-81=24-3n
—105=-3n

o, n=35

Therefore, the 35th term of the given APis— 81.

Next, we want to know if there is any n for which a, = 0. If such an nisthere, then
21+(n-1) (-3)= 0,

i.e, 3n-1)=21

i.e, n=238

So, the eighth term is 0.

Example 5 : Determine the AP whose 3rd term is 5 and the 7th term is 9.

Solution : We have

a,=a+(3-1)d=a+2d=5 (1)
and a=a+((7-1)d=a+6d=9 2
Solving the pair of linear equations (1) and (2), we get
a=3 d=1

Hence, therequired APis3,4,5,6,7, ...
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Example 6 : Check whether 301 is aterm of the list of numbers 5, 11, 17, 23, . ..
Solution : We have :

a-a=1-5=6, a,-a=17-11=6, a,-a,=23-17=6
Asa ,  —a isthesamefor k=1, 2, 3, etc., the given list of numbersisan AP,
Now, a=5 and d=6.
Let 301 be aterm, say, the nth term of thisSAP.

We know that
a=a+(n-1)d
So, 301=5+(n-1)x6
i.e, 301=6n-1
302 151
= "6 s

But n should be a positive integer (Why?). So, 301 is not aterm of the given list of
numbers.
Example 7 : How many two-digit numbers are divisible by 3?
Solution : Thelist of two-digit numbersdivisibleby 3is:
12,15, 18,...,99
Isthisan AP?Yesitis. Here, a=12, d=3, a = 9.

As a=a+(n-1)d,
we have 9=12+(n-1)x3
i.e, 87=(n-1)x3
i.e n—1:§=29

’ 3
i.e., n=29+1=30

So, there are 30 two-digit numbersdivisible by 3.

Example 8 : Find the 11th term from the last term (towards the first term) of the
AP:10,7,4,...,—62.

Solution : Here, a=10, d=7-10=-3, | =-62,

where I=a+(n-1)d
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To find the 11th term from the last term, we will find the total number of termsin
the AP,

o, -62=10+ (n-1)(-3)
i.e, —-72=(n-1)(-3)

i.e., n-1=24

or n=25

S0, there are 25 termsin the given AP.

The 11th term from the last term will be the 15th term. (Note that it will not be
the 14th term. Why?)

So, a, =10+ (15-1)(3) =10-42=-32
i.e., the 11th term from the last term is— 32.
Alternative Solution :
If we write the given APin the reverse order, then a = — 62 and d = 3 (Why?)
So, the question now becomes finding the 11th term with these a and d.
So, a,=-62+(11-1)x3=-62+30=-32
So, the 11th term, which is now the required term, is— 32.
Example9: A sum of ¥ 1000 isinvested at 8% simpleinterest per year. Calculate the

interest at the end of each year. Do these interests form an AP? If so, find the interest
at the end of 30 years making use of this fact.

Solution : We know that the formula to calculate simpleinterest is given by

SimpleInterest = PXRXT
P BT

) 1000x8x1
So, the interest at the end of the 1st year = ?—100 =380

_ 1000x 8% 2
The interest at the end of the 2nd year = ?T =% 160

. 1000x 8x 3
The interest at the end of the 3rd year = ?T =3 240

Similarly, we can obtain the interest at the end of the 4th year, 5th year, and so on.
So, the interest (inX) at the end of the 1st, 2nd, 3rd, . . . years, respectively are
80, 160, 240, . ..
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It isan AP asthe difference between the consecutive termsin thelist is 80, i.e.,
d =80. Also, a = 80.

So, to find the interest at the end of 30 years, we shall find a,,.

Now, a,, = a+(30—1) d=80+ 29 x 80 = 2400

So, the interest at the end of 30 years will be ¥ 2400.

Example 10 : In a flower bed, there are 23 rose plants in the first row, 21 in the

second, 19 in the third, and so on. There are 5 rose plantsin the last row. How many
rows are there in the flower bed?

Solution : The number of rose plantsin the 1st, 2nd, 3rd, . . ., rowsare:
23,21,19,...5

It forms an AP (Why?). Let the number of rows in the flower bed be n.

Then a=23, d=21-23=-2,4a =5

As, a=a+(n-1)d

We have, 5=23+(n=-1)(-2)

i.e, —-18=(n-1)(-2)

i.e, n= 10

So, there are 10 rows in the flower bed.

EXERCISE 52

1. Fill in the blanks in the following table, given that a is the first term, d the common
difference and a_ the nth term of the AP:

a d n a,
() 7 3 8
(i) -18 .. 10 0
(iii) .. -3 18 -5
(iv) | -189 25 .. 36
(v) 35 0 105
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2. Choose the correct choice in the following and justify :
(i) 30thtermof theAP:10,7,4,...,is

(A) 97 ®) 77 © 77 (D) —87
(i) 11thterm of the AP: —3, _% 2., is
A) 28 ®) 22 © -3 ) —48%

3. Inthefollowing APs, find the missing termsin the boxes:

i 2. D %
(ii)|:|, 13, D 3

(i) 5, D D 9%

w- [ 0 O O s
o] = [0 [0 [ =

4., Whichtermof theAP:3,8,13,18,...,is 78?
5. Find the number of termsin each of the following APs:

. \ 1
@) 7,13,19,...,205 (i) 18,152 ,13,...,-47

6. Check whether —150isatermof theAP: 11, 8,5,2...
7. Findthe 31st term of an AP whose 11th term is 38 and the 16th term is 73.

8. AnAPconsistsof 50 termsof which 3rdtermis12 andthelast termis 106. Find the 29th
term.

9. If the 3rd and the 9th terms of an AP are 4 and — 8 respectively, which term of thisAPis
zero?

10. The 17th term of an AP exceedsits 10th term by 7. Find the common difference.
11. Whichtermof the AP: 3,15, 27, 39, . . . will be 132 morethan its 54th term?

12. TwoAPshavethe same common difference. The difference between their 100th termsis
100, what isthe difference between their 1000th terms?

13. How many three-digit numbersaredivisibleby 7?

14. How many multiplesof 4 lie between 10 and 250?

15. Forwhat valueof n, arethe nth termsof two APs: 63, 65, 67, ...and 3, 10, 17, . .. equal?
16. Determinethe APwhosethird termis 16 and the 7th term exceeds the 5th term by 12.
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17. Findthe 20th term fromthelast term of theAP: 3, 8, 13, . . ., 253.

18. Thesum of the 4th and 8th terms of an APis 24 and the sum of the 6th and 10th termsis
44, Find thefirst threeterms of the AP.

19. SubbaRao started work in 1995 at an annual salary of ¥ 5000 and received an increment
of ¥ 200 each year. Inwhich year did hisincomereachI 7000?

20. Ramkali saved ¥ 5inthefirst week of ayear and then increased her weekly savings by
T 1.75. If inthenth week, her weekly savings become? 20.75, find n.

5.4 Sum of First n Termsof an AP

Let us consider the situation again
givenin Section 5.1 inwhich Shakila
put % 100 into her daughter’smoney
box when she was one year old,
% 150 on her second birthday,
% 200 on her third birthday and will
continueinthe sameway. How much
money will be collected inthemoney
box by the time her daughter is 21
yearsold?

Here, theamount of money (in %) put in the money box on her first, second, third,
fourth . . . birthday were respectively 100, 150, 200, 250, . . . till her 21st birthday. To
find thetotal amount in the money box on her 21st birthday, wewill have to write each
of the 21 numbersinthelist above and then add them up. Don’t you think it would be
atedious and time consuming process? Can we make the process shorter? Thiswould
be possible if we can find a method for getting this sum. Let us see.

We consider the problem given to Gauss (about whom you read in
Chapter 1), to solve when he was just 10 years old. He was asked to find the sum of
the positiveintegersfrom 1 to 100. Heimmediately replied that the sum is5050. Can
you guess how did he do? He wrote :

S=1+2+3+...+99+100
And then, reversed the numbers to write
S=100+99+...+3+2+1
Adding these two, he got
2S=(100+1)+(99+2)+...+(3+98) +(2+99) + (1 +100)
=101+101+...+101+101 (100 times)

100 x 101
S= ——

=5050, i.e., the sum = 5050.
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We will now use the same technique to find the sum of thefirst ntermsof an AP:
aa+da+2d,...

The nth term of thisAPisa + (n—1) d. Let S denote the sum of thefirst nterms
of the AP. We have

S=za+(@a+d)+(a+2d)+...+[a+(n-1)d] (@)
Rewriting the terms in reverse order, we have
S=[a+(h-1d]+[a+(n-2)d]+...+(a+d)+a 2

On adding (1) and (2), term-wise. we get

[2a+ (n—Dd] +[2a+ (n—Dd] + ...+ [2a+ (n—Dd] + [2a+ (n —1)d]
25= n times

o, 2S=n[2a+(n-1)d] (Since, there are n terms)
n

o, S= 5 [2a+ (n-1)d]

So, the sum of the first n terms of an AP is given by

n
S= B [2a+ (n —1) d]
n
We can also write this as S= 5 [a+a+(n-1)d]

i S= - (a+ 3
ie, =5 @+a) ©)

Now, if there are only ntermsin an AP, then a_= |, the last term.
From (3), we see that

S=© (a+l 4
=2 (@+1) (4

This form of the result is useful when the first and the last terms of an AP are
given and the common differenceis not given.

Now we return to the question that was posed to usin the beginning. The amount
of money (in Rs) inthe money box of Shakila s daughter on 1st, 2nd, 3rd, 4th birthday,
..., were 100, 150, 200, 250, . . ., respectively.

Thisisan AP. We haveto find the total money collected on her 21st birthday, i.e.,
the sum of thefirst 21 terms of thisAP.
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Here,a=100, d =50 and n=21. Using the formula:
n
S= E[2a+(n—]) d],

we have S= 231[2><100+(21—J)><50] = 2—21[200+1000]

= %1 %1200 = 12600
So, the amount of money collected on her 21st birthday is% 12600.
Hasn't the use of the formula made it much easier to solve the problem?

We also use S, in place of S to denote the sum of first n terms of the AP. We
write S, to denote the sum of the first 20 terms of an AP. The formulafor the sum of
thefirst n termsinvolves four quantities S, a, d and n. If we know any three of them,
we can find the fourth.

Remark : The nth term of an AP s the difference of the sum to first n terms and the

sumto first (n—1) termsof it,i.e,a =S -S, _,.

Let us consider some examples.

Example 11 : Find the sum of thefirst 22 termsof theAP: 8, 3,-2, . ..
Solution : Here,a=8, d=3-8=-5, n=22.
We know that

n
S = §[2a+ (n-1)d]
2
Therefore, S=- [16+ 21(-5)] = 11(16 — 105) = 11(-89) =— 979

So, the sum of the first 22 terms of the AP is— 979.

Example 12 : If the sum of thefirst 14 terms of an APis 1050 and itsfirst termis 10,
find the 20th term.

Solution : Here, S,, = 1050, n = 14, a = 10.

As S = 2[2a+(n—1)d],

14
0, 1050 = 3[20+13d] =140 + 91d
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i.e., 910= 91d
or, d= 10
Therefore, a, =10+ (20—1) x 10 =200, i.e. 20th termis 200.

Example 13 : How many terms of the AP: 24, 21, 18, . . . must be taken so that their
sumis 78?

Solution : Here,a=24, d=21-24=-3, S =78. We need to find n.

n
We know that S = §[2a+(n—1)d]
n n
S0, 78= E[48+(n—1)(—3)] = E[Sl—Sn]
or 3 -5In+156= 0
or nP—-17n+52=0
or (n-4)(n-13)=0
or n=4 or 13

Both values of n are admissible. So, the number of termsiseither 4 or 13.
Remarks:
1. Inthis case, the sum of the first 4 terms = the sum of the first 13 terms = 78.

2. Two answers are possible because the sum of the terms from 5th to 13th will be
zero. Thisis because a is positive and d is negative, so that some terms will be
positive and some others negative, and will cancel out each other.

Example 14 : Find the sum of :
(i) thefirst 1000 positiveintegers (ii) thefirst n positiveintegers
Solution :
() LetS=1+2+3+...+1000

n
Using the formula S, = E(a+ [) for the sum of the first n terms of an AP, we

have

1000

S0 = S (1+1000) =500 x 1001 = 500500

1000

So, the sum of thefirst 1000 positive integersis 500500.
(i) LetS =1+2+3+...+n
Herea =1 and the last term | isn.
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nl+n n(n+
Therefore, S = % or Snz%

So, the sum of first n positive integers is given by

_n(n+1
nto 2
Example 15 : Find the sum of first 24 terms of the list of numbers whose nth termis
givenby

a=3+2n
Solution :
As a = 3+2n,
0, a=3+2=5

a,=3+2x2=7
a,=3+2x3=9

List of numbersbecomes 5, 7, 9, 11, . . .

Here, 7-5=9-7=11-9=2and soon.
So, it forms an AP with common difference d = 2.

Tofind S

,, Wehaven=24, a=5 d=2

24
Therefore, S, = >

So, sum of first 24 terms of the list of numbersis 672.

[2x5+(24-1)x 2] = 12[10+ 46] = 672

Example 16 : A manufacturer of TV sets produced 600 sets in the third year and 700
sets in the seventh year. Assuming that the production increases uniformly by afixed
number every year, find :

(i) the production in the 1st year (i) the production inthe 10th year
(i) thetotal productioninfirst 7 years

Solution : (i) Sincethe production increases uniformly by afixed number every year,
the number of TV sets manufactured in 1st, 2nd, 3rd, . . ., yearswill form an AP,

L et us denote the number of TV sets manufactured in the nth year by a .
Then, a, = 600 and a, =700
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or, a+ 2d = 600

and a+ 6d= 700

Solving these equations, weget d=25 and a=550.

Therefore, production of TV setsin thefirst year is 550.

(i) Now a,=a+9d=550+9x25=775
So, production of TV setsin the 10th year is 775.

(iii) Also, S = £[2><550+(7—J)><25]

7
= E[1100+150] = 4375

Thus, the total production of TV setsinfirst 7 yearsis 4375.

EXERCISE 5.3

1. Findthe sum of thefollowing APs:

@) 2,7,12,...,to10terms. (i) =37,-33,-29, ...,to 12terms.

(i) 06,17,28,...,to100terms. (V) —. =, L ... tollterms.

15 12 10
2. Find the sumsgiven below :
1
0) 7+10§ +14+...+84 (i) 34+32+30+...+10

(i) -5 +(8) +(-11) +...+(-230)
3. InanAP:
() givena=5,d=3,a =50, findnandS .
(i) givena=7,a,=35, finddand S,.
(iii) givena ,=37,d=3,findaand S,
(iv) givena,=15,S =125 finddanda,,
(v) givend=5,S,=75,findaand a,.
(vi) givena=2, d=8, S =90,findnanda,
(vii) givena=8,a =62, S =210, findnandd.
(viii) givena =4,d=2, S =-14,findnanda.
(i¥) givena=3,n=8,S=192, findd.
(¥ givenl =28, S=144, andtherearetotal 9terms. Find a.
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4. How many termsof theAP: 9, 17, 25, . . . must be taken to give asum of 636?

Thefirst term of an APis5, thelast termis45 and the sum is400. Find the number of terms
and the common difference.

Thefirst and thelast termsof an APare 17 and 350 respectively. If the common difference
is9, how many terms are there and what istheir sum?

7. Findthesum of first 22 termsof an APinwhich d =7 and 22nd term is 149.
8. Find the sum of first 51 terms of an AP whose second and third terms are 14 and 18

10.

11

12.
13.
14.
15.

16.

17.

18.

respectively.
If the sum of first 7 terms of an APis49 and that of 17 termsis 289, find the sum of
first nterms.
Showthata,a,..., a,...formanAPwherea isdefined asbelow :
() a =3+4n (i) a =9-5n
Also find the sum of thefirst 15 termsin each case.
If the sum of thefirst ntermsof an APis4n—n? what isthefirst term (that is S )? What

isthe sum of first two terms?What isthe second term? Similarly, find the 3rd, the 10th and
the nth terms.

Find the sum of thefirst 40 positive integers divisible by 6.
Find the sum of thefirst 15 multiples of 8.
Find the sum of the odd numbers between 0 and 50.

A contract on construction job specifies a penalty for delay of completion beyond a
certain date asfollows: ¥ 200 for thefirst day, ¥ 250 for the second day, ¥ 300 for thethird
day, etc., the penalty for each succeeding day being T 50 more than for the preceding day.
How much money the contractor hasto pay as penalty, if he has delayed the work by 30
days?

A sum of ¥ 700 is to be used to give seven cash prizes to students of a school for their
overall academic performance. If each prizeis? 20 lessthan its preceding prize, find the
value of each of the prizes.

In a school, students thought of planting trees in and around the school to reduce air
pollution. It was decided that the number of trees, that each section of each class will
plant, will bethe same asthe class, in which they are studying, e.g., asection of Classl
will plant 1 tree, asection of Class|| will plant 2 treesand so ontill Class XIl. Thereare
three sections of each class. How many trees will be planted by the students?

A spiral is made up of successive semicircles, with centres alternately at A and B,
starting with centre at A, of radii 0.5cm, 1.0 cm, 1.5cm, 2.0cm, ... asshownin
Fig. 5.4. What is the total length of such a spiral made up of thirteen consecutive

22
semicircles? (Takern = 7)
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Fig. 5.4

[Hint : Length of successivesemicirclesisl, I, I, 1,, ... withcentresat A, B, A, B, .. .,
respectively.]

19. 200logsare stacked in thefollowing manner: 201ogsinthebottom row, 19 inthe next row,
18intherow nexttoit and so on (seeFig. 5.5). Inhow many rows are the 200 |ogs placed
and how many logs are in the top row?

Fig. 5.5

20. Inapotato race, abucket isplaced at the starting point, whichis5 m from thefirst potato,
and the other potatoes are placed 3 m apart in astraight line. There areten potatoesin the
line (seeFig. 5.6).

m o [aY o o (Y [aY

Sm 3m 3m . . . . . .

Fig. 5.6

A competitor startsfrom the bucket, picks up the nearest potato, runs back with it, drops
it in the bucket, runs back to pick up the next potato, runsto the bucket to drop it in, and
she continues in the same way until all the potatoes are in the bucket. What is the total
distance the competitor has to run?

[Hint : To pick up the first potato and the second potato, the total distance (in metres)
run by acompetitoris2 x5+ 2 x (5+ 3)]
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EXERCISE 5.4 (Optional)*

1. Whichtermof theAP: 121,117,113, .. .,is
itsfirst negativeterm?
[Hint: Findnforan<0] ......... X

2. Thesum of thethird and the seventh terms
of an APis 6 and their product is 8. Find
the sum of first sixteen terms of the AP.

3. A ladder has rungs 25 cm apart.
(see Fig. 5.7). The rungs decrease 1
uniformly in length from 45 cm at the 2
bottom to 25 cm at the top. If the top and

1
the bottom rungs are 25 mapart, whatis ~ f——r- e X
the length of the wood required for the 23 cm
rungs’) 45 e N\ i V... ¥
[Hint : Number of rungs:%+1] Fig. 5.7

4. Thehousesof arow are numbered consecutively from 1 to 49. Show that thereisavalue
of x such that the sum of the numbers of the houses preceding the house numbered x is
equal to the sum of the numbers of the houses following it. Find this value of x.
[Hint:S_ =S, -S]

5. A small terrace at afootbal | ground comprises of 15 stepseach of whichis50 mlong and
built of solid concrete.

1

1 1
Each step hasarise of 2 mand atread of 5 m. (seeFig. 5.8). Calculate thetotal volume
of concrete required to build the terrace.
1 1
[Hint : Volume of concrete required to build thefirst step = 2 X > x50 m3]

ENGIE

N
m\/v K"J

Fig. 5.8

* These exercises are not from the examination point of view.
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55 Summary
In this chapter, you have studied the following points :

1. Anarithmetic progression (AP) isalist of numbersin which each termis obtained by
adding afixed number d to the preceding term, except thefirst term. The fixed number d
iscalled thecommon difference.

Thegeneral formof anAPisa, a+d, a+2d, a+3d,...

2. A given list of numbers a, a, a,, . . . isan AP, if the differences a, — a, a, — a,,
a,—a,...givethesamevaue, i.e,if a , , —a isthe samefor different values of k.

3. InanAPwithfirst term a and common differenced, the nth term (or the general term) is
givenby a =a+(n-1)d.

4. The sum of the first nterms of an APisgiven by :

S= E[2a+ (n-1d]

2
5. If | isthelast term of thefinite AP, say the nth term, then the sum of all terms of the AP
isgivenby :
n
= —(a+l
s= S (a+l)

A NoTE To THE READER

a+c
If a, b, c arein AP, then b = T and b is called the arithmetic

mean of a and c.
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TRIANGLES

6.1 Introduction

You are familiar with triangles and many of their propertiesfrom your earlier classes.
In Class|X, you have studied congruence of trianglesin detail. Recall that two figures
are said to be congruent, if they have the same shape and the same size. In this
chapter, we shall study about those figureswhich have the same shape but not necessarily
the same size. Two figures having the same shape (and not necessarily the same size)
arecalled similar figures. In particular, we shall discussthe similarity of trianglesand
apply thisknowledgein giving asimple proof of Pythagoras Theorem learnt earlier.

Can you guess how heights of mountains (say Mount Everest) or distances of
some long distant objects (say moon) have been found out? Do you think these have

WAH! WAH!
Soon I will

AAH!
It is so easy
to measure the
height of the
mountain.

Reprint 2026-27



74

MATHEMATICS

been measured directly with the help of a measuring tape? In fact, all these heights
and distances have been found out using the idea of indirect measurements, whichis
based on the principle of similarity of figures (see Example 7, Q.15 of Exercise 6.3
and also Chapters 8 and 9 of this book).

6.2 Similar Figures

In Class IX, you have seen that al circles with the same radii are congruent, all
squares with the same side lengths are congruent and all equilateral triangleswith the

same side lengths are congruent.

Now consider any two (or more)
circles [see Fig. 6.1 (i)]. Are they
congruent? Since all of them do not
have the same radius, they are not
congruent to each other. Note that
some are congruent and some are not,
but al of them have the same shape.
So they all are, what we call, similar.
Two similar figures have the same
shape but not necessarily the same
size. Therefore, al circlesaresimilar.
What about two (or more) squares or
two (or more) equilateral triangles
[seeFig. 6.1(ii) and (iii)] ?Asobserved
in the case of circles, here also all
squares are similar and all equilateral
trianglesare similar.

From the above, we can say
that all congruent figures are
similar but the similar figures need
not be congruent.

Can a circle and a sguare be
similar? Can atriangle and asquare
be similar? These questions can be
answered by just looking at the
figures (see Fig. 6.1). Evidently
thesefiguresarenot similar. (Why?)

©fet

(i)

AN

(iif)
Fig. 6.1
P S

Fig. 6.2
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What can you say about the two quadrilaterals ABCD and PQRS
(see Fig 6.2)?Are they similar? These figures appear to be similar but we cannot be
certain about it.Therefore, we must have some definition of similarity of figures and
based on this definition somerulesto decide whether thetwo given figuresare similar
or not. For this, let uslook at the photographsgivenin Fig. 6.3:

Fig. 6.3

You will at once say that they are the photographs of the same monument
(Taj Mahal) but are in different sizes. Would you say that the three photographs are
similar? Yes,they are.

What can you say about the two photographs of the same size of the same
person one at the age of 10 years and the other at the age of 40 years? Are these
photographs similar? These photographs are of the same size but certainly they are
not of the same shape. So, they are not similar.

What does the photographer do when she prints photographs of different sizes
from the same negative?You must have heard about the stamp size, passport size and
postcard size photographs. She generally takes a photograph on asmall size film, say
of 35mm size and then enlargesit into abigger size, say 45mm (or 55mm). Thus, if we
consider any line segment in the smaller photograph (figure), its corresponding line

35

This really means that every line segment of the smaller photograph is enlarged
(increased) in the ratio 35:45 (or 35:55). It can also be said that every line segment
of the bigger photograph isreduced (decreased) in the ratio 45:35 (or 55:35). Further,
if you consider inclinations (or angles) between any pair of corresponding line segments
inthetwo photographsof different sizes, you shall seethat theseinclinations(or angles)
are always equal. Thisisthe essence of the similarity of two figures and in particul ar
of two polygons. We say that:

Two polygons of the same number of sides are similar, if (i) their
corresponding angles are equal and (ii) their corresponding sides are in the
same ratio (or proportion).

45 55
segment inthe bigger photograph (figure) will be 5 [or —j of that of theline segment.
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Note that the same ratio of the corresponding sides is referred to as the scale
factor (or the Representative Fraction) for the polygons. You must have heard that
world maps (i.e., global maps) and blue prints for the construction of a building are
prepared using a suitable scale factor and observing certain conventions.

Inorder to understand similarity of figuresmoreclearly, let usperformthefollowing
activity:
Activity 1. Place alighted bulb at a o
point O ontheceiling and directly below
it atablein your classroom. Let us cut a
polygon, say aquadrilateral ABCD, from
a plane cardboard and place this
cardboard parallel to the ground between
the lighted bulb and the table. Then a
shadow of ABCD is cast on the table.
Mark the outline of this shadow as
A’B’C'D’ (see Fig.6.4).
Note that the quadrilateral A’'B’C’'D” is
an enlargement (or magnification) of the
quadrilateral ABCD. This is because of
the property of light that light propogates
inastraight line. You may also note that
A’ liesonray OA, B” liesonray OB, C’
lieson OCand D’ lieson OD. Thus, quadrilateralsA’B’C’'D’” and ABCD are of the
same shape but of different sizes.

So, quadrilateral A’B’C’D’” issimiliar to quadrilateral ABCD. We can also say
that quadrilateral ABCD is similar to the quadrilateral A’B’C'D’.

Here, you can also note that vertex A’ corresponds to vertex A, vertex B’
correspondsto vertex B, vertex C’ correspondsto vertex C and vertex D’ corresponds
to vertex D. Symbolically, these correspondences are represented asA’ <> A, B’ <> B,
C’' & Cand D’ « D. By actually measuring the angles and the sides of the two
quadrilaterals, you may verify that

(Y£LA=ZA",£B=«B,£C=4£C,£D=4D"and
(i) AB _ BC _CD _ DA
A’'B" B'C CD DA
This again emphasises that two polygons of the same number of sides are

similar, if (i) all the corresponding angles are equal and (ii) all the corresponding
sides are in the same ratio (or proportion).
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From the above, you can easily say that quadrilaterals ABCD and PQRS of
Fig. 6.5aresimilar.

Fig. 6.5

Remark : You can verify that if one polygon is similar to another polygon and this
second polygonissimilar to athird polygon, then thefirst polygonissimilar to thethird
polygon.

You may note that in the two quadrilaterals (a square and a rectangle) of
Fig. 6.6, corresponding angles are equal, but their corresponding sides are not in the
same rétio.

D 3cm C 3.5 cm
3cm 3cm 3cm 3cm
A 3cm B 3.5cm Q

Fig. 6.6

So, thetwo quadrilateralsare not similar. Similarly, you may note that in the two
guadrilaterals (a square and a rhombus) of Fig. 6.7, corresponding sides are in the
same ratio, but their corresponding angles are not equal. Again, the two polygons
(quadrilaterals) are not similar.
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D 2.1 cm C

2.1 cm 2.1 cm

2.1 cm

Fig. 6.7

Thus, either of the above two conditions (i) and (ii) of similarity of two
polygons is not sufficient for them to be similar.

EXERCISE 6.1
1. Fill inthe blanks using the correct word given in brackets:
(i) Allcirclesare________.(congruent, similar)
(i) All squaresare . (similar, congruent)
(i) All —— trianglesaresimilar. (isosceles, equilateral)
(iv) Two polygons of the same number of sides are similar, if (8) their corresponding
anglesare ________ and (b) their corresponding sides are —______.(equal,
proportional)

2. Givetwo different examplesof pair of
(i) similarfigures. (i) non-similar figures.
3. Statewhether the following quadrilateralsare similar or not:

D 3cm C
M|
S 15cm R 3cm 3cm
1.5cm 1.5 cm
P 1.5 cm Q A 3cm B
Fig. 6.8

Reprint 2026-27



TRIANGLES 79

6.3 Similarity of Triangles
What can you say about the similarity of two triangles?

You may recall that triangleisal so apolygon. So, we can state the same conditions
for the similarity of two triangles. That is:

Two triangles are similiar, if
(i) their corresponding angles are equal and
(i) their corresponding sides are in the same ratio (or proportion).

Note that if corresponding angles of two
triangles are equal, then they are known as
equiangular triangles. A famous Greek
mathematician Thalesgave animportant truth relating
to two equiangular triangleswhich isasfollows:

The ratio of any two corresponding sides in
two equiangular triangles is always the same.

It is believed that he had used a result called
the Basic Proportionality Theorem (now known as

the Thales Theorem) for the same. Thales
(640 — 546 B.C.)

To understand the Basic Proportionality
Theorem, let us perform thefollowing activity:

Activity 2 : Draw any angle XAY and on its one
armAX, mark points(say fivepoints) P, Q, D, Rand
B such that AP=PQ = QD = DR = RB.

Now, through B, draw any lineintersecting arm
AY at C (see Fig. 6.9).

Also, through the point D, draw aline parallel
to BC to intersect AC at E. Do you observe from

Fig. 6.9

AD _3
your constructions that — DB 2 ?Measure AE and

AE AE 3
EC. What about I=e) ? Observe that I=e) isalso equal to 5 Thus, you can see that

AE
?
DB EC Isit acoincidence? No, it isdueto thefollowing

theorem (known as the Basic Proportionality Theorem):

AD _
inA ABC, DE ||BCand —
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Theorem 6.1 : If alineis drawn parallel to one side of a triangle to intersect the
other two sides in distinct points, the other two sides are divided in the same
ratio.

Proof : We aregiven atriangleABC inwhich aline
parallel to side BC intersects other two sidesAB and
AC at D and E respectively (see Fig. 6.10).

We nesd to prove that > = 2
en 0 prove DB EC"

Let usjoin BE and CD and then draw DM L AC and _
EN L AB. Fig. 6.10

1 1
Now, area of A ADE (= 5 base x height) = 5 AD x EN.

Recall from Class I X, that area of A ADE is denoted as ar(ADE).

1
o, ar(ADE) = 5 AD x EN
- 1
Similarly, ar(BDE) = 5 DB x EN,
1 1
ar(ADE) = 5 AE x DM and ar(DEC) = > EC x DM.
1 AD x EN
ar(ADE) - AD
Therefore, — o= - = 1
a(BDE) 1 DEBxEN DB @
2
ar(ADE) ,AEXDM  \g
and = =— 2
a(DEC) 1 EcxDM EC
2

Note that A BDE and DEC are on the same base DE and between the same parallels
BC and DE.

o, ar(BDE) = ar(DEC) A3)
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Therefore, from (1), (2) and (3), we have :

AD _ AE
DB EC
Is the converse of this theorem also true (For the meaning of converse, see
Appendix 1)?To examinethis, let us perform the following activity:

Activity 3 : Draw an angle XAY on your
notebook and on ray AX, mark points B, B,
B, B,and B such that AB, = BB, = BB, =
BB, = B,B.

Similarly, on ray AY, mark points
C,C,C,C,and Csuchtha AC =CC, =
CC,=C.C,=C,.C. Thenjoin B,C, and BC
(seeFig. 6.11).

Fig. 6.11
AB, AC, 1
Note that _BlB = _clc (Each equal to Z)
You can also see that lines B,C, and BC are parallel to each other, i.e.,
B,C, | BC D
Similarly, by joining B,C,, B.C, and B,C,, you can see that:
AB, _ AG (=Ej and B.C, || BC 2
BZB - CZC 3 2% ” ( )
ABy _ AG [—Ej d B.C, || BC
BB - cC | 2) 3 BLl )
AB, _ AC, [JJ and B,C, || BC (4)
BB cCcC \ 1 4

From (1), (2), (3) and (4), it can be observed that if aline divides two sides of a
trianglein the sameratio, then thelineis parallel to the third side.

You can repesat thisactivity by drawing any angle XAY of different measure and
taking any number of equal partson armsAX and AY . Each time, you will arrive at
the same result. Thus, we obtain the following theorem, which is the converse of
Theorem 6.1:
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Theorem 6.2 : If a line divides any two sides of a
triangle in the same ratio, then the line is parallel
to the third side.

Thistheorem can be proved by taking aline DE such
thatﬂ—E d ing that DE isnot parallel
DB EC and assuming isnot p

to BC (see Fig. 6.12).
If DE is not parallel to BC, draw a line DE’

paralel to BC. Fig. 6.12
“ o
Theref E = AE Why ?

erefore, EC - EC (Why ?)

Adding 1 to both sides of above, you can see that E and E” must coincide.
(Why ?)

Let us take some examples to illustrate the use of the above theorems.

Example1: If alineintersects sidesAB and AC of aA ABC at D and E respectively

. AD AE _
and is parallel to BC, prove that AC (seeFig. 6.13).

AB
Solution : DE || BC (Given)
“ o _se -
’ DB EC (Theorem 6.1)
A
DB _EC
o, AD ~ AE
DB EC
—+1= —+1
o AD AE D E
AB _ AC
o AD - AE
B
AD AE C
0, =-= _
AB ~ AC Fig. 6.13
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Example2: ABCD isatrapeziumwithAB || DC. E A B

and F are points on non-parallel sides AD and BC / \
respectively such that EF is parallel to AB E F

Fig. 6.14). Show that = = oF
(see Fig. 6.14). Show that =y =2 N

Solution : Let us join AC to intersect EF at G _
(see Fig. 6.15). Fig. 6.14

AB || DC and EF ||AB  (Given)

So, EF||DC (Linesparallel tothe sameline are
parallel to each other)

Now, inAADC, /’~.‘ \
EG|| DC (AsEF || DC) E F

SoE ﬁ Th 6.1 1
ED_GC (Theorem 6.1) (D)

Similarly, from A CAB,

D \e? Fig. 6.15

AG BF
AG BF

i.e, e = T P 2

Therefore, from (1) and (2),
AE BF

ED ~ FC

E l[e3:InF 616§—PT d £ PST =
xampe.nlg..,SQ—TRan =

Z PRQ. Prove that PQR is an isosceles triangle.

PS_ PT Fig. 6.16
sQ TR

o, ST ||QR (Theorem 6.2)
Therefore, £ PST = ZPQR (Corresponding angles) (1)

Solution : Itisgiven that o~
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Also, itisgiventhat

£ PST = Z PRQ 2
So, Z PRQ = £ PQR [From (1) and (2)]
Therefore, PQ =PR (Sides opposite the equal angles)

i.e, PQRisanisoscelestriangle.

EXERCISE 6.2

1. InFig.6.17, (i) and (ii), DE || BC. Find ECin (i) and AD in (ii).

A
1.5em 1 ¢em
D E_>
3cm B
B C

®
Fig. 6.17 B
2. E and F are points on the sides PQ and PR /M{\
respectively of aA PQR. For each of thefollowing A L C
cases, state whether EF || QR : W

(i) PE=3.9cm,EQ=3cm,PF=3.6cmandFR=24cm D

(i) PE=4cm,QE=4.5cm, PF=8cmandRF=9cm Fig. 6.18
(i) PQ=1.28cm,PR=2.56cm, PE=0.18cmandPF=0.36cm
3. InFig. 6.18,if LM ||CB and LN || CD, prove that

A
AM _ AN
AB AD D
4. In Fig. 6.19, DE || AC and DF || AE. Prove that
BF _BE B C
FE EC F o E

Reprint 2026-27



TRIANGLES 85

5. In Fig. 6.20, DE || OQ and DF || OR. Show that

P
EFIQR. ‘k
6. InFig. 6.21, A, B and C are points on OP, OQ and E4L~— | —\F

OR respectively such that AB || PQ and AC || PR.
Show that BC || QR. 0

7. Using Theorem 6.1, provethat alinedrawn through
the mid-point of one side of atriangle parallel to )
another side bisectsthe third side. (Recall that you Fig. 6.20
have proved it in Class | X).

8. Using Theorem 6.2, prove that the line joining the
mid-points of any two sides of atriangleisparallel
to the third side. (Recall that you have done it in
Class|X).

9. ABCD is atrapezium in which AB || DC and its
diagonalsintersect each other at the point O. Show Q

R
h AO _CO ,
that —— B0 DO Fig. 6.21
10. The diagonals of a quadrilateral ABCD intersect each other at the point O such that
AO _

Cco
B0 DO - Show that ABCD isatrapezium.
6.4 Criteriafor Similarity of Triangles

In the previous section, we stated that two trianglesaresimilar, if (i) their corresponding
anglesareequal and (ii) their corresponding sidesarein the sameratio (or proportion).

Thatis,in A ABC and A DEF, if
(i)£A=«4D,4ZB=/ZE, £Z£C=ZFad

AB E R thenthetwo't I I Fig. 6.22
(i) — DE_EF_FD en the two triangles are similar (see Fig. ).
A
A
B C E F

Fig. 6.22
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Here, you can see that A corresponds to D, B corresponds to E and C
corresponds to F. Symbolically, we write the similarity of these two triangles as
‘AABC ~ A DEF and read it as ‘triangle ABC is similar to triangle DEF’. The
symbol ‘~’ standsfor ‘issimilar to’. Recall that you have used the symbol ‘=’ for
‘iscongruent to’ in Class 1 X.

It must be noted that as done in the case of congruency of two triangles, the
similarity of two triangles should also be expressed symbolically, using correct
correspondence of their vertices. For example, for the trianglesABC and DEF of
Fig. 6.22, we cannot write A ABC ~ A EDF or A ABC ~ A FED. However, we
can write A BAC ~ A EDF.

Now anatural question arises : For checking the similarity of two triangles, say
ABC and DEF, should we alwayslook for al theequality relationsof their corresponding
angles(LA=4D,«£B=ZE, ZC= ZF)andall theequality relations of the ratios
of their corresponding sid [E=E=%J’>Let ine.Y all that

esp gsides| 5=~ D /- us examine. You may rec
inClass|X, you have obtained somecriteriafor congruency of two trianglesinvolving
only three pairs of corresponding parts (or elements) of the two triangles. Here also,
let usmake an attempt to arriveat certain criteriafor similarity of two trianglesinvolving
rel ationship between less number of pairs of corresponding parts of thetwo triangles,
instead of all the six pairsof corresponding parts. For this, let us perform thefollowing
activity:

Activity 4 : Draw two line segments BC and EF of two different lengths, say 3 cm
and 5 cm respectively. Then, at the points B and C respectively, construct angles PBC
and QCB of some measures, say, 60° and 40°. Also, at the points E and F, construct
angles REF and SFE of 60° and 40° respectively (see Fig. 6.23).

R
SN/D
Q P
A
A6 4\ ¢ £ 60 4°\ F
3cm 5cm

Fig. 6.23
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Let rays BPand CQ intersect each other at A and rays ER and FSintersect each
other at D. In the two triangles ABC and DEF, you can see that
£LB=/E /ZC=/Fand LA =2D. That is, corresponding angles of these two
triangles are equal. What can you say about their corresponding sides ? Note that

BC _3_ AB CA
EF 5 6. What about — and —’>On measuring AB, DE, CA and FD, you
AB CA
will find that — and — arealsoequal t0 0.6 (or nearly equal t0 0.6, if thereissome
AB _BC _CA
error in the measurement) Thus, — “E "D - You can repeat this activity by

constructing several pairsof triangles having their corresponding anglesequal . Every
time, you will find that their corresponding sides arein the sameratio (or proportion).
Thisactivity leads usto thefollowing criterion for similarity of two triangles.

Theorem 6.3 : If in two triangles, corresponding angles are equal, then their
corresponding sides are in the same ratio (or proportion) and hence the two
triangles are similar.

This criterion is referred to as the AAA
(Angle-Angle-Angle) criterion of A
similarity of two triangles.

Thistheorem can be proved by taking two
triangles ABC and DEF such that
/A=/D,/B=/EandZC=/F B
(see Fig. 6.24)

Cut DP=AB and DQ = AC and join PQ.

S5, AABC= A DPQ (Why ?)
Thisgives £ZB=4ZP =ZE and PQ ||EF (How?)
Theref bp_ X Why?

erefore, PE = OF (Why?)
: AB _ AC Why?
ie, DE - DF (Why?)
il AB_BC . AB_BC_AC

miaty. e T EF MO DpE T EF  DE

Remark : If two angles of atriangle are respectively equal to two angles of another
triangle, then by the angle sum property of a triangle their third angles will aso be
equal. Therefore, AAA similarity criterion can also be stated as follows:
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If two angles of one triangle are respectively equal to two angles of another
triangle, then the two triangles are similar.

This may be referred to as the AA similarity criterion for two triangles.

You have seen above that if the three angles of one triangle are respectively
equal to the three angles of another triangle, then their corresponding sides are
proportional (i.e., inthe sameratio). What about the converse of this statement? Isthe
conversetrue?n other words, if the sides of atriangle are respectively proportional to
the sides of another triangle, isit truethat their corresponding anglesare equal ? Let us
examineit through an activity :

Activity 5 : Draw two triangles ABC and DEF such that AB = 3 cm, BC = 6 cm,
CA =8cm, DE=4.5cm, EF =9 cmand FD =12 cm (see Fig. 6.25).

D
A
8 cm 4.5 cm 12°cm
3 cm
B 6 cm % E 9 cm F
Fig. 6.25
o vou hve AB_BC_CA o 2
, you have : DE_ EF_ FD (each equ 03)

Now measure Z A, £« B, £ C, £ D, £ E and Z F. You will observe that
LA=/D,/ZB=/ZEand £ C=ZF, i.e, the corresponding angles of the two
triangles are equal .

You can repest thisactivity by drawing several such triangles (having their sides
in the sameratio). Everytime you shall seethat their corresponding angles are equal.
Itisdueto thefollowing criterion of similarity of two triangles:

Theorem 6.4 : If in two triangles, sides of one triangle are proportional to
(i.e., in the same ratio of ) the sides of the other triangle, then their corresponding
angles are equal and hence the two triangles are similiar.

Thiscriterion isreferred to asthe SSS (Side-Side-Side) similarity criterion for
two triangles.

This theorem can be proved by taking two triangles ABC and DEF such that
AB BC CA

E —E —E (< 1) (See Flg 626)
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Fig. 6.26
Cut DP=AB and DQ =AC and join PQ.

It b that g_D_Q d EF (How?
can be seen PE - OF and PQ || (How?)
So, ZP=/ZE and ZQ=ZF
DP _DQ _ PR

Therefore, DE -~ DF ~ EF
. DP_DQ_BC ...,

! DE - DF _ gr Whv9)
So, BC = PQ (Why?)
Thus, A ABC = A DPQ (Why ?)
So, LA=4D, £ZB=ZE and £ZC=ZF (How?

Remark : You may recall that either of the two conditions namely, (i) corresponding
anglesare equal and (ii) corresponding sides arein the sameratio is not sufficient for
two polygons to be similar. However, on the basis of Theorems 6.3 and 6.4, you can
now say that in case of similarity of thetwo triangles, it isnot necessary to check both
the conditions as one condition impliesthe other.

Let us now recall the various criteriafor congruency of two triangles learnt in
Class|X. Youmay observethat SSSsimilarity criterion can be compared with the SSS
congruency criterion.This suggests usto ook for asimilarity criterion comparable to
SAS congruency criterion of triangles. For this, let us perform an activity.

Activity 6 : Draw two triangles ABC and DEF such that AB =2 cm, £ A = 50°,
AC=4cm,DE=3cm, £ D =50° and DF = 6 cm (see Fig.6.27).
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D
A
50°
50° 4 cm 6 cm
2 cm 3cm
B C E F
Fig. 6.27

AC 2
Here, you may observe that DF (each equal to 5) and Z A (included

DE
between the sidesAB and AC) = £ D (included between the sides DE and DF). That
is, oneangle of atriangleisequal to one angle of another triangle and sidesincluding
these angles are in the same ratio (i.e., proportion). Now let us measure £ B, £ C,
ZEand L F

Youwill findthat £ B=ZEand£ZC=ZFE Thatis, ZA=4ZD,«ZB=ZEand
£ C=ZF So, by AAA similarity criterion, A ABC ~ A DEF. You may repesat this
activity by drawing several pairs of such triangleswith one angle of atriangle equal to
one angle of another triangle and the sides including these angles are proportional.
Everytime, youwill find that thetrianglesare similar. Itisdueto thefollowing criterion
of similarity of triangles:

Theorem 6.5 : If one angle of a triangle is equal to one angle of the other
triangle and the sides including these angles are proportional, then the two
triangles are similar.

This criterion isreferred to as
the SAS (Side-Angle-Side)
similarity criterion for two
triangles. A

As before, this theorem can
be proved by taking two triangles
ABC and DEF such that

AB AC _ B
DE - DF (<)andZA=4D
(see Fig. 6.28). Cut DP = AB, DQ

= AC andjoin PQ.
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Now, PQ || EF and A ABC = A DPQ (How ?)

o, LZA=/D, ZB=/ZPand£ZC=4£Q

Therefore, A ABC ~ A DEF (Why?)

We now take some examples to illustrate the use of these criteria.

Example 4 : InFig. 6.29, if PQ || RS, prove that A POQ ~ A SOR.

R
P
(0)
Q S
Fig. 6.29
Solution : PQ || RS (Given)
o, £LP=/S (Alternate angles)
and ZQ=Z/R
Also, Z POQ = £ SOR (Vertically opposite angles)
Therefore, A POQ ~ A SOR (AAA similarity criterion)
Example 5 : Observe Fig. 6.30 and then find £ P,
R
A 63 7.6
80’
1.8 33
_A60
B 6 cC P 12 Q

Fig. 6.30
Solution : In A ABC and A PQR,
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AB_38_1BC_6_1 CA_3/3_1
RO 76 2 0P 12 23 rT63 2
_ AB _BC_CA
Thatis, RQ QP PR
So, AABC ~ A RQP (SSSsimilarity)
Therefore, £LC=ZP (Corresponding anglesof similar triangles)
But £C=180°-ZA-4ZB (Angle sum property)

= 180° —80° — 60° = 40°
So, ZP=40°
Example 6 : In Fig. 6.31,
OA .0OB=0C. OD.
Showthat ZA=2Cand«£B=/ZD.
Solution:  OA .OB = OC . OD (Given)

OA OD -
0, oc — 3 1 Fig. 6.31 B
Also, we have ZAOD = £ COB (Vertically oppositeangles) (2)
Therefore, from (1) and (2), A AOD ~ ACOB (SASsimilarity criterion)
So, LA=/ZCand£ZD=«B

(Corresponding anglesof similar triangles)

Example 7 : A girl of height 90 cmis A
walking away from the base of a
lamp-post at aspeed of 1.2 m/s. If thelamp
is 3.6 m above the ground, find the length
of her shadow after 4 seconds.

Solution : Let AB denote the lamp-post
and CD thegirl after walking for 4 seconds
away from the lamp-post (see Fig. 6.32).

From thefigure, you can seethat DE isthe
shadow of the girl. Let DE be x metres.
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Now,BD=12mx4=48m.
Note that in A ABE and A CDE,

£ZB=2D (Eachisof 90° because lamp-post
as well as the girl are standing
vertical to the ground)

and LE=ZE (Same angle)
o, A ABE ~ A CDE (AA similarity criterion)
Theret BE _ AB
erefore, DE - CD
_ 48+x _ 36 %0 _ %0 /g
i.e, 09 (90cm = 100 m=0.9m)
e, 4.8+ x = 4X
i.e, 3x=48
i.e, x=16
So, the shadow of the girl after walking for 4 secondsis 1.6 m long.
Example 8 : In Fig. 6.33, CM and RN are Q N P
respectively the medians of A ABC and
A PQR. If AABC ~ A PQR, prove that : A
(i) AAMC ~APNR
M
. CM _AB
(ii) RN PQ C
B R
(i) ACMB ~ A RNQ o 643
Solution : (i) AABC ~ A PQR Fig. 6. (Given)
AB _BC_CA
=0, PO~ QR RP (D)
and LA=/ZP £ZB=/ZQand£C=«4R 2
But AB = 2AM and PQ = 2 PN
(As CM and RN are medians)
. 2AM CA
1 oboN S oo
So, from (1), 2PN RP
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ie,

Also,
So, from (3) and (4),

(if) From(5),

But

Therefore,

(i) Again,

Therefore,

Also,

i.e.,

Therefore,

AM

PN

ZMAC= Z NPR

A AMC ~ A PNR

oM
RN
ca
RP
oM
RN
AB
PQ
oM
RN
oM
RN
oM
RN

oM
RN

QR ON
A CMB ~ A RNQ

CA

= RP (©)

[From (2)] (4)

(SASsimilarity) (5)

= 6
RP ©)

AB
PQ [From (D] (7)

AB
PO [From (6) and (7)] (8)

BC
& [From (1)]
BC

@ [From (8)] (9)
AB _2BM
PQ 20N
BM

ON

BC _BM

(10)

[From (9) and (10)]

(SSSsimilarity)

[Note: You can also prove part (iii) by following the same method as used for proving

part (i).]

form:

EXERCISE 6.3

1. Satewhichpairsof trianglesin Fig. 6.34 are similar. Writethe similarity criterion used by
you for answering the question and also write the pairs of similar trianglesin the symbolic
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P
A 60° A 6 S
60’

m 86" I 2&
B W S UAS B——55—CQ R

. * .. 4
(@) (i)
|
D
L
4 ¢ s 5
2.7/ \3 2.5/%\
M—; 5 F N m R
(111) (1V)
70
25 fa\ /\\\
(vi)
Fig. 6.34

2. InFig.6.35,A0ODC~AOBA, £ BOC=125°

and £ CDO=70°. Find £ DOC, 2 DCOand Dmo 9

£ OAB.

0))125°
3. DiagonalsACand BD of atrapezium ABCD
A B
with AB || DC intersect each other at the
point O. Using asimilarity criterion for two Fig. 6.35
les. showr th OA OB
triangles, show that ——~ oc_ oD
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e

o

~

10.

T
InFi 636@2g d£1=2£2.Sh X
nFig.6.36, ‘o = pg = £ 2. Show
that A PQS~ATQR.
Sand T are points on sides PR and QR of 0 1 2
S EAN

A PQR such that £ P= £ RTS. Show that
ARPQ~ARTS. Fig. 6.36

In Fig. 6.37, if A ABE = A ACD, show that

A

AADE~AABC.
InFig. 6.38, altitudesAD and CE of AABC
intersect each other at the point P. Show D E
that:
(i) AAEP~ACDP
(i) AABD~ACBE

B C

(iii) AAEP~AADB

(i) APDC~ABEC Fig. 6.37
E isapoint onthe sideAD produced of a C
parallelogramABCD and BE intersects CD D
at F. Show that AABE ~A CFB. P
InFig. 6.39, ABC and AMPare two right
triangles, right angled at B and M
respectively. Prove that: A B
(i) AABC~AAMP E
CA BC Fig. 6.38
PA  MP C
CD and GH arerespectively the bisectors
of ZACB and £ EGF suchthat D and H lie M

on sidesAB and FE of AABC and A EFG
respectively. If AABC ~A FEG, show that:

0 Ch AC \
1) == =~
GH FG A P

(i) ADCB~AHGE _ B
(i) ADCA~AHGF Fig. 6.39
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11

12.

13.

14.

15.

16.

In Fig. 6.40, E is a point on side CB
produced of an isosceles triangle ABC
withAB =AC.IfAD L BCandEF LAC,
provethat AABD ~ A ECF.

Sides AB and BC and median AD of a
triangle ABC are respectively propor-
tional to sides PQ and QR and median
PM of A PQR (seeFig. 6.41). Show that
AABC~APQR.

D isapoint onthe side BC of atriangle
ABCsuchthat ZADC = £ BAC. Show
that CA2=CB.CD.

Sides AB and AC and median AD of a

triangle ABC are respectively D CQ M R
proportional to sides PQ and PR and

median PM of another triangle PQR. Fig. 6.41

Show that AABC ~ A PQR.

A vertical poleof length 6 m casts ashadow 4 m long on the ground and at the sametime
atower casts a shadow 28 m long. Find the height of the tower.

If AD and PM are medians of triangles ABC and PQR, respectively where

AB_AD
AABC~APQR, provethat PQ ~ PM

6.5 Summary
In this chapter you have studied the following points :

1

Two figures having the same shape but not necessarily the same size are called similar
figures.

All the congruent figures are similar but the converse is not true.

Two polygons of the same number of sidesare similar, if (i) their corresponding angles
areequal and (ii) their corresponding sides are in the sameratio (i.e., proportion).

If alineis drawn parallel to one side of atriangle to intersect the other two sidesin
distinct points, then the other two sides are divided in the same ratio.

If alinedividesany two sides of atrianglein the sameratio, thenthelineisparallel tothe
third side.

If intwo triangles, corresponding angles are equal, then their corresponding sidesarein
the sameratio and hencethetwo trianglesare similar (AAA similarity criterion).

If intwo triangles, two angles of onetriangle are respectively equal to the two angles of
the other triangle, then thetwo trianglesare similar (AA similarity criterion).
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8. If in two triangles, corresponding sides are in the same ratio, then their corresponding
angles are equal and hence the triangles are similar (SSS similarity criterion).
9. If one angle of a triangle is equal to one angle of another triangle and the sides including

these angles are in the same ratio (proportional), then the triangles are similar
(SAS similarity criterion).

A NOTE TO THE READER

If in two right triangles, hypotenuse and one side of one triangle are
proportional to the hypotenuse and one side of the other triangle,
then the two triangles are similar. This may be referred to as the
RHS Similarity Criterion.

If you use this criterion in Example 2, Chapter 8, the proof will become
simpler.
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CoORDINATE GEOMETRY

7.1 Introduction

In Class IX, you have studied that to locate the position of a point on a plane, we
require a pair of coordinate axes. The distance of a point from the y-axis is called its
x-coordinate, or abscissa. The distance of a point from the x-axis is called its
y-coordinate, or ordinate. The coordinates of a point on the x-axis are of the form
(x, 0), and of a point on the y-axis are of the form (0, ).

Here is a play for you. Draw a set of a pair of perpendicular axes on a graph
paper. Now plot the following points and join them as directed: Join the point A(4, 8) to
B(3, 9) to C(3, 8) to D(1, 6) to E(1, 5) to F(3, 3) to G(6, 3) to H(8, 5) to 1(8, 6) to
J(6, 8) to K(6, 9) to L(5, 8) to A. Then join the points P(3.5, 7), Q (3, 6) and R(4, 6) to
form a triangle. Also join the points X(5.5, 7), Y(5, 6) and Z(6, 6) to form a triangle.
Now join S(4, 5), T(4.5, 4) and U(5, 5) to form a triangle. Lastly join S to the points
(0, 5) and (0, 6) and join U to the points (9, 5) and (9, 6). What picture have you got?

Also, you have seen that a linear equation in two variables of the form
ax + by + ¢ =0, (a, b are not simultaneously zero), when represented graphically,
gives a straight line. Further, in Chapter 2, you have seen the graph of
y=ax*+bx+c (a#0),is aparabola. In fact, coordinate geometry has been developed
as an algebraic tool for studying geometry of figures. It helps us to study geometry
using algebra, and understand algebra with the help of geometry. Because of this,
coordinate geometry is widely applied in various fields such as physics, engineering,
navigation, seismology and art!

In this chapter, you will learn how to find the distance between the two points
whose coordinates are given. You will also study how to find the coordinates of the
point which divides a line segment joining two given points in a given ratio.
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7.2 DistanceFormula North
L et usconsider thefollowing situation:

A town B is located 36 km east and 15
km north of the town A. How would you find
the distance from town A to town B without B
actually measuringit. Let ussee. Thissituation
can be represented graphically as shown in
Fig. 7.1. You may use the Pythagoras Theorem A€ > East |

15 km

to calculate this distance. 36 km
Now, suppose two points lie on the x-axis. Fig. 7.1

Can we find the distance between them? For v

instance, consider two pointsA(4, 0) and B(6, 0) DO, 8)

inFig. 7.2. The points A and B lie on the x-axis. 8

From the figure you can see that OA = 4
unitsand OB = 6 units.

Therefore, the distance of B from A, i.e,,

AB = OB —OA = 6—4 = 2 units, i
So, if two points lie on the x-axis, we can 5

easily find the distance between them.

Now, suppose we take two points lying on ) A X
the y-axis. Can you find the distance between = O] 1 2 3/ 5 ¢
/ / 74 N6 0

them. If the points C(0, 3) and D(O, 8) lie on the 4,0)
y-axis,_similarlywefindthaICD:8—3=5units Fig. 7.2
(see Fig. 7.2).

Next, canyou find the distance of A from C (in Fig. 7.2)? Since OA = 4 unitsand

OC =3 units, thedistance of A from C, i.e., AC= ,/3? + 4% =5units. Similarly, you can
find the distance of B from D = BD = 10 units.

Now, if we consider two points not lying on coordinate axis, can we find the
distance between them? Yes! We shall use Pythagoras theorem to do so. Let us see
an example.

InFig. 7.3, the points P(4, 6) and Q(6, 8) liein thefirst quadrant. How do we use
Pythagoras theorem to find the distance between them? Let us draw PR and QS
perpendicular to the x-axis from P and Q respectively. Also, draw a perpendicular
from Pon QSto meet QS at T. Then the coordinates of R and S are (4, 0) and (6, 0),
respectively. So, RS =2 units. Also, QS = 8 unitsand TS = PR = 6 units.

Reprint 2026-27



CooRDINATE GEOMETRY 101

Therefore, QT = 2 unitsand PT = RS = 2 units.

Now, using the Pythagoras theorem, we
have

=<

Q(6,8)

PQ? = PT? + QT?

=22+22=8

So, PQ = 2,/2 units
How will we find the distance between two
pointsin two different quadrants? R S
Consider the points P(6, 4) and Q(=5, ~3) ) YK 6\(’2 N

(see Fig. 7.4). Draw QS perpendicular to the 4,0) ’

x-axis. Also draw a perpendicular PT from the

P
A

(G

N W A U1 X

o

) Fig. 7.3
point P on QS (extended) to meet y-axis at the
point R.

Y

of

8t

7+

5t

T R(0, 4) .P(6, 4)
3+
2

1012 34 5%

Fig. 7.4

Then PT = 11 unitsand QT = 7 units. (Why?)
Using the Pythagoras Theorem to the right triangle PTQ, we get

PQ= 1%+ 7% = /170 units.
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Let us now find the distance between any two Y
points P(x,, y,) and Q(x,, y,). Draw PR and QS Qe )
perpendicular to the x-axis. A perpendicular from the
point P on QS is drawn to meet it at the point
T (See Flg 75) (xl,y1

Then, OR=x,0S=x, So, RS=x —x =PT.
Also, SQ=y, ST=PR=y. S0, QT=y,-V,.
Now, applying the Pythagoras theoremin A PTQ, weget <o R s X
sz =PT2 + QTz
= (Xz - Xl)z + (yz - yl 2
Therefore, PQ = \/(xz— )(1)2 +(Y,— yl)2

Notethat since distanceisawaysnon-negative, we take only the positive square
root. So, the distance between the points P(x,, y,) and Q(X,, ¥,) is

PQ = \/(Xz_ X1)2 + (Y, y1)2 '

which is called the distance for mula.

T

Ny

Fig. 7.5

Remarks :
1. In particular, the distance of apoint P(x, y) from the origin O(0, 0) is given by

OP = Jx2+y2 .

2. We can also write, PQ = \[ (x - %,)° + (v, - ¥)° - (Why?)

Example 1 : Do the points (3, 2), (-2, —-3) and (2, 3) form atriangle? If so, name the
type of triangle formed.

Solution : Let us apply the distance formula to find the distances PQ, QR and PR,
where P(3, 2), Q(—2, —-3) and R(2, 3) are the given points. We have

PQ=/(3+2?2 + (2+ 37 = /5> + 5 = /50 = 7.07 (approx.)

QR= \/(2-2)? + (-3 =3)% = \/(-4)? + (-6)? =+/52 = 7.21 (approx.)

PR=\/(3-2)? + (2-3)? =/ + (-1)? =+/2 = 1.41 (approx.)

Sincethe sum of any two of these distancesisgreater than thethird distance, therefore,
the points P, Q and R form atriangle.
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Also, PQ? + PR? = QR?, by the converse of Pythagoras theorem, we have £ P = 90°.
Therefore, PQR isaright triangle.

Example 2 : Show that the points (1, 7), (4, 2), (-1, —1) and (- 4, 4) are the vertices
of a square.

Solution : LetA(L, 7), B(4, 2), C(-1, —1) and D(—4, 4) be the given points. One way
of showing that ABCD is asquare is to use the property that all its sides should be
equal and both its digonal s should also be equal. Now,

AB =[(1-4)%+(7-2)? =9+ 25=1/34
BC=\/(4+1)°+(2+1)? =/25+9=+/34
CD =/(-1+4) + (-1-4)? =\[9+ 25 = /34
DA=\/(1+4)% + (7-4)? =[25+9=+/34
AC=/1+1)2+(7+1)% = 4+ 64 = /68
BD =/(4+4)2 + (2-4)% = 64+ 4 = /68

Since, AB = BC = CD = DA and AC = BD, dll the four sides of the quadrilateral
ABCD are equal and its diagonalsAC and BD are aso equal. Thereore, ABCD isa
square.

Alternative Solution : We find
thefour sidesand onediagonal, say,
AC as above. Here AD? + DC? =
34 + 34 =68 =AC? Therefore, by
the converse of Pythagoras
theorem, £ D =90°. A quadrilateral
with all four sides equal and one
angle 90° is a square. So, ABCD
isasguare.

i
=1

C "i

Rows

Example 3 : Fig. 7.6 shows the
arrangement of desks in a
classroom. Ashima, Bharti and A
Camella are seated at A(3, 1), ﬁ
B(6, 4) and C(8, 6) respectively. 1 2 3 45 6 7 8 9 10
Do you think they are seated in a Columns

line? Give reasons for your Fig. 7.6

answer.

- N W A 1N 0 O
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Solution : Using the distance formula, we have
AB=[(6-37+(4-12 =9+ 9=18=32
BC= \/8-6)2+(6-4)° =4+ 4=8=2/2
AC= [(8-3) +(6-1)? =[5+ 25=/50 =52

Since, AB + BC = 3.2 + 24/2 = 5/2 = AC, we can say that the points A, B and C
are collinear. Therefore, they are seated in aline.

Example 4 : Find arelation between x and y such that the point (x , y) is equidistant
from the points (7, 1) and (3, 5).

Solution : Let P(x, y) be equidistant from the pointsA(7, 1) and B(3, 5).
We are given that AP = BP. So, AP? = BP?

e, (X=72+(y—-1y= (x=3)*+(y—5)°

i.e, X—14X+49+y2 -2y +1=x2-6x+9+y2—10y + 25
i.e., X=y=2

=<

whichistherequired relation.

Remark : Notethat the graph of the equation
x—y=2isaline. From your earlier studies,
you know that a point which is equidistant
from A and B lies on the perpendicular
bisector of AB. Therefore, the graph of
X —y = 2isthe perpendicular bisector of AB
(see Fig. 7.7).

Example5: Find apoint onthey-axiswhich
is equidistant from the points A(6, 5) and
B(—4, 3).

/2 34567
Solution : We know that a point on the 3
y-axisis of theform (0, y). So, let the point +”

P(0, ) be equidistant from A and B. Then Fig. 7.7
(6-02+(B-y) = (-4-07+3B-yy

i.e, 36+25+y*—10y = 16 + 9 + y?— 6y

i.e., 4y = 36

i.e, y=9

B@3, 5)

A(7,1)

N\
\9 Of m v W a v ®
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So, therequired point is (0, 9).

Let uscheck our solution: AP = /(6 — 0) + (5 9)% = \/36+ 16 = /52

BP= /(-4-0)” + (3—-9)° = /16 + 36 =~/52

Note: Using the remark above, we seethat (0O, 9) isthe intersection of the y-axisand
the perpendicular bisector of AB.

EXERCISE 7.1

1. Find the distance between the following pairs of points:

() (2,3).(41) (i) (-5,7).(-13) (iii) (& b),(-a—-b)
2. Find the distance between the points (0, 0) and (36, 15). Can you now find the distance
between the two towns A and B discussed in Section 7.2.

3. Determineif thepoints(1, 5), (2, 3) and (—2,—11) arecollinear.
4. Check whether (5, -2), (6, 4) and (7, —2) arethe vertices of anisoscelestriangle.

5. In a classroom, 4 friends are
seated at the pointsA, B, Cand
D asshowninFig. 7.8. Champa
and Chameli walk into theclass
and after observing for a few
minutes Champaasks Chameli,
“Don’t you think ABCD is a
square?’ Chameli disagrees.
Using distance formula, find
which of themiscorrect.

3
=}

Rows

6. Namethetype of quadrilateral -
formed, if any, by thefollowing
points, and give reasons for

D ‘%
your answer:

) (-1-2),(10),(-1,2), (~3.0) 1 2 3 45 6 7 8 910
(i) (3.5),(3,1),(0,3), (-1,—4) Columns
(i) (4,5),(7,6),(4,3),(1,2) Fig. 7.8

7. Findthe point on the x-axiswhichisequidistant from (2, -5) and (-2, 9).

8. Findthevalues of y for which the distance between the points P(2, — 3) and Q(10, y) is
10 units.

—_— N W A N O

=
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9. If Q(0, 1) isequidistant from P(5, —=3) and R(x, 6), find the values of x. Also find the
distances QR and PR.

10. Find arelation between x and y such that the point (x, y) is equidistant from the point
(3,6)and (-3, 4).

7.3 Section Formula

Let us recall the situation in Section 7.2.
Suppose a telephone company wants to %

position arelay tower at P between A and B

is such away that the distance of the tower B(36, 15)
from B istwiceitsdistancefromA. If Plies )

on AB, it will divide AB in the ratio 1 : 2 Lk C

(see Fig. 7.9). If we take A as the origin O, A X
and 1 km as one unit on both the axis, the o D E

coordinates of B will be (36, 15). In order to
know the position of the tower, we must know
the coordinates of P. How do we find these
coordinates?

Let the coordinates of P be (X, y). Draw perpendiculars from P and B to the
x-axis, meeting it in D and E, respectively. Draw PC perpendicular to BE. Then, by
the AA similarity criterion, studied in Chapter 6, A POD and A BPC are similar.
rhereiore, O2=9P21 PO _OP 1

T T 2" BCc B 2

SO, X = 1 and L = 1
36-x 2 15-y 2 Y

These equations give x = 12 and y = 5. B(x; 1))

You can check that P(12, 5) meets the e
conditionthat OP: PB =1: 2. 5 P

Now let us use the understanding that my
you may have developed through this
example to obtain the general formula.

Fig. 7.9

Consider any two pointsA(x,, y,) and
B(X,, ¥,) and assume that P (X, y) divides
AB internally in the ratiom : m, i.e., X

PA m ,
— =—= (see Fig. 7.10). i
B m, ( g ) Fig. 7.10
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Draw AR, PS and BT perpendicular to the x-axis. Draw AQ and PC parallel to
the x-axis. Then, by the AA similarity criterion,

APAQ ~ A BPC
PA _ AQ : E
Therefore, BP- PC - BC 1
Now, AQ=RS=OS—OR:X—Xl

PC =ST=0T-0S=Xx,—X

POQ=PS-QS=PS-AR=y-y,

BC=BT-CT=BT-PS=y,-y
Substituting these valuesin (1), we get

m _ X=X _Y- %
m X=X Y-y
Taking Moo X2X e gerx= 2 X
m, Xo— X m +m,
Similarly, taking M y_yl,Wegetyz my, + MYy,
m, Yo=Y m +m,

So, the coordinates of the point P(x, y) which divides the line segment joining the
pointsA(x,, y,) and B(x,, y,), internaly, intheratiom, : m, are

[m_sz + mle, my, + mzY1j )
m +m m+m
This is known as the section formula.

This can also be derived by drawing perpendiculars from A, P and B on the
y-axis and proceeding as above.

If theratioin which PdividesAB isk: 1, then the coordinates of the point Pwill be

ke, + % ky, + yi |
k+1 k+1
Special Case : The mid-point of aline segment divides the line segment in the ratio

1: 1. Therefore, the coordinates of the mid-point P of the join of the points A(x,, y,)
and B(x,, y,) is

[1~><1+1~X2,1-y1+1-y2J:(x1+X2, Yt Y2j

1+1 1+1 2 2
Let us solve afew examples based on the section formula.
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Example 6 : Find the coordinates of the point which dividesthe line segment joining
the points (4, —3) and (8, 5) intheratio 3 : 1 internaly.

Solution : Let P(x, y) be the required point. Using the section formula, we get

OIS ORI OLE o B
3+1 3+1

Therefore, (7, 3) istherequired point.

Example 7 : In what ratio does the point (— 4, 6) divide the line segment joining the
pointsA(— 6, 10) and B(3, — 8)?

Solution : Let (-4, 6) divide AB internally in the ratio m : m,. Using the section
formula, we get

3m - 6m, —8m + 10mzj O

m+m, m +m,
Recall that if (x, y) = (a, b) then x= aand y = b.

(=4, 6)=[

_godMo6m 6o —8M +10m,

o,
m +m, m+m,
3m -6
Now, 4= 27O givesus
m +m,
—4m —4m, = 3m —6m,
e, 7m, =2m,
e, m:m,=2:7
You should verify that the ratio satisfies the y-coordinate al so.
N, 8™ 110
-8m +10m, _ o
Now, = (Dividing throughout by m,)
n.!l. + rnZ ﬂ + 1 m2
m,
-8 x % +10
= 5 =6
—+1
7
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Therefore, the point (—4, 6) dividesthe line segment joining the pointsA(— 6, 10) and
B(3,—-8)intheratio2: 7.

Alternatively : Theratio m, : m, can also be written as M1 ork: 1 Let (—-4,6)
m,

divide AB internally intheratiok : 1. Using the section formula, we get

4.6) = 3k -6 -8k+10 5
(-4.6)= k+1 k+1 2
S, 4= k-6

k+1
ie, —4k—-4=3k-6
i.e., k=2
i.e., k:1=2:7

You can check for the y-coordinate also.

So, the point (— 4, 6) divides the line segment joining the points A(— 6, 10) and
B(3,—-8)intheratio2: 7.

Note: You can also find thisratio by calculating the distances PA and PB and taking
their ratios provided you know that A, P and B are collinear.

Example 8 : Find the coordinates of the points of trisection (i.e., points dividing in
three equal parts) of the line segment joining the pointsA(2, — 2) and B(— 7, 4).

Solution : Let P and Q be the points of A P Q B
trisection of AB i.e.,, AP = PQ = QB (z,iz) ) ) (_7" 4)
(seeFig. 7.12). Fig. 7.11

Therefore, PdividesAB internally intheratio 1 : 2. Therefore, the coordinates of P, by
applying the section formula, are

1=7) +2(2) 1(4) + 2(-2)
1+2 | 1+2 )& (L0

Now, Q also dividesAB internaly in theratio 2 : 1. So, the coordinates of Q are

[2(—7) +12) 2(4) +1(-2)

2+1 2+1 J’i-e-’ (-4.2)
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Therefore, the coordinates of the points of trisection of the line segment joining A and
B are (-1, 0) and (— 4, 2).
Note : We could also have obtained Q by noting that it is the mid-point of PB. So, we
could have obtained its coordinates using the mid-point formula.
Example 9 : Find the ratio in which the y-axis divides the line segment joining the
points (5, — 6) and (-1, — 4). Also find the point of intersection.
Solution : Let theratio bek : 1. Then by the section formula, the coordinates of the
-k+5 —4k-6)

k+1 k+1

point which dividesAB intheratiok : 1 are [

This point lies on the y-axis, and we know that on the y-axis the abscissais 0.

-k+5 _
k+1

Therefore,

So, k=5
That is, theratiois5: 1. Putting the value of k = 5, we get the point of intersection as

o)

Example 10 : If the pointsA(6, 1), B(8, 2), C(9, 4) and D(p, 3) are the vertices of a
parallelogram, taken in order, find the value of p.

Solution : We know that diagonals of a parallelogram bisect each other.
So, the coordinates of the mid-point of AC = coordinates of the mid-point of BD

o [6+9 1+4j_ [8+p 2+3j

2 2 ) L 2 2

' 53)-(5>3)

€, 2'2)= 2 "2
15 8+p

0, 27~ 2

ie, p=7
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1

10.

EXERCISE 7.2

Find the coordinates of the point which dividesthejoin of (-1, 7) and (4, =3) inthe
ratio2: 3.

Find the coordinates of the points of trisection of the line segment joining (4, —1)
and (-2, -3).

To conduct Sports Day activities, in
your rectangular shaped school
ground ABCD, lines have been
drawn with chalk powder at a
distance of 1m each. 100 flower pots
have been placed at adistance of 1m
from each other along AD, asshown

C

1
inFig. 7.12. Niharikaruns 7 ththe

distance AD on the 2nd line and

1
posts a green flag. Preet runs 5 th

the distance AD on the eighth line
and posts a red flag. What is the
distance between both the flags? If
Rashmi hasto post ablueflag exactly A
halfway between the line segment 1 23456 7 89 10
joining the two flags, where should

she post her flag? Fig. 7.12

Find theratio in which the line segment joining the points (— 3, 10) and (6, — 8) isdivided
by (-1, 6).

Find theratio in which theline segment joining A(1, — 5) and B(— 4, 5) isdivided by the
x-axis. Also find the coordinates of the point of division.

If (1, 2), (4,y), (X, 6) and (3, 5) arethe vertices of aparallelogram taken in order, find
xandy.

Find the coordinates of apoint A, where AB isthe diameter of acircle whose centreis
(2,—3)andBis(1,4).

If Aand B are (- 2, — 2) and (2, — 4), respectively, find the coordinates of P such that

AP=— AB and Plies on the line segment AB.

Find the coordinates of the points which divide the line segment joining A(— 2, 2) and
B(2, 8) into four equal parts.

Find the area of arhombusif itsverticesare (3, 0), (4, 5), (-1, 4) and (- 2,—1) takenin
order. [Hint : Areaof arhombus= 5 (product of itsdiagonal s)]
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7.4 Summary
In this chapter, you have studied the following points :

1. The distance between P(x,, y,) and Q(X,, ¥,) is /(x, — %)% + (¥, — y)°.

2. Thedistance of apoint P(x, y) from the originis \/x* + y*.

3. The coordinates of the point P(x, y) which divides the line segment joining the
points A(x,, y,) and B(x,, y,) internally in the ratio m : m, are

(mlxz TMX mYy, + mzYlJ_
m+m m +m
4. The mid-point of the line segment joining the points P(x,, y,) and Q(X,, Y,) is

[&+&,m+nj
2 2 '

A NoTETOTHE READER

Section 7.3 discusses the Section Formulafor the coordinates (X, y) of a
point P which divides internally the line segment joining the points
A(x,, y,) and B(x,, y,) intheratio m, : m, as follows :

e NG, | o (N my
m+m, m + m,

Note that, here, PA: PB =m, : m,.

However, if P does not lie between A and B but lies on the line AB,
outside the line segment AB, and PA : PB =m, : m,, we say that Pdivides
externally the line segment joining the points A and B. You will study
Section Formula for such case in higher classes.
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| NTRODUCTION TO
TRIGONOMETRY

There is perhaps nothing which so occupies the
middle position of mathematics as trigonometry.

— J.F. Herbart (1890)
8.1 Introduction

You have already studied about triangles, and in particular, right triangles, in your
earlier classes. Let ustake some examplesfrom our surroundingswhereright triangles
can be imagined to be formed. For instance :

1. Suppose the students of a school are
visiting Qutub Minar. Now, if astudent
islooking at thetop of theMinar, aright
triangle can be imagined to be made,
as shown in Fig 8.1. Can the student
find out the height of the Minar, without
actually measuring it?

2. Suppose agirl issitting on the balcony
of her house located on the bank of a Fig. 8.1
river. Sheislooking down at aflower
pot placed on astair of atemplesituated
nearby on the other bank of the river.
A right triangleisimagined to be made
inthissituation asshown in Fig.8.2. If

you know the height at which the ﬂ ............ E ﬁ
person issitting, can you find thewidth % -] 2w | -

of theriver?

Reprint 2026-27



114 MATHEMATICS

3. Suppose a hot air balloon is flying in
the air. A girl happens to spot the
balloon in the sky and runs to her @A @
mother to tell her about it. Her mother B
rushes out of the house to look at the
balloon.Now when thegirl had spotted S
the balloon intially it was at point A.
When both the mother and daughter /.~ ;
came out to see it, it had already g~ Lo 9
travelled to another point B. Can you _
find the altitude of B from the ground? Fig. 8.3

In all the situations given above, the distances or heights can be found by using
some mathematical techniques, which come under a branch of mathematics called
‘trigonometry’. The word ‘trigonometry’ is derived from the Greek words ‘tri’
(meaning three), ‘gon’ (meaning sides) and ‘metron’ (meaning measure). In fact,
trigonometry isthe study of relationships between the sides and angles of atriangle.
The earliest known work on trigonometry was recorded in Egypt and Babylon. Early
astronomers used it to find out the distances of the stars and planets from the Earth.
Even today, most of the technologically advanced methods used in Engineering and
Physical Sciences are based on trigonometrical concepts.

In this chapter, we will study some ratios of the sides of a right triangle with
respect to its acute angles, called trigonometric ratios of the angle. We will restrict
our discussion to acute angles only. However, these ratios can be extended to other
angles also. We will aso define the trigonometric ratios for angles of measure 0° and
90°. We will calculate trigonometric ratios for some specific angles and establish
some identities involving these ratios, called trigonometric identities.

8.2 Trigonometric Ratios

C

In Section 8.1, you have seen someright triangles ‘f,
imagined to beformed in different situations. E
<

Let ustake aright triangle ABC as shown Hvpotenuse 8
inFig. 8.4 P 2
Here, £ CAB (or, in brief, angle A) isan §
acute angle. Note the position of the side BC bt
with respect to angleA. It faces £ A. Wecall it N B%

the side opposite to angle A. AC is the Side adjacent to
hypotenuse of theright triangleand the sideAB angle A
is a part of £ A. So, we call it the side

adjacent to angle A. Fig. 8.4
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Note that the position of sides change C
when you consider angle C in place of A -
(see Fig. 8.5). :é

You have studied the concept of ‘ratio’ in u g

. . . . ypotenuse =
your earlier classes. We now define certainratios -
involving the sides of aright triangle, and call 2 En
them trigonometric ratios. @ =

Thetrigonometric ratios of the angle A A B
inright triangle ABC (see Fig. 8.4) are defined Side opposite to
asfollows: angle C

_ side oppositeto angle A BC Fig. 85
sineof LA = =—
hypotenuse AC

, side adjacent to angle A AB

cosineof LA = =N

hypotenuse AC

tanaent of £ A = side oppositetoangleA _ BC

g ~ sideadjacenttoangleA  AB

1 hypotenuse _AC

cosecant of L A = — =— . =5~
sneof ZA ddeoppositetoangleA BC

1 _ hypotenuse _AC
cosneof Z A sdeadjacent toangleA AB

secant of L A =

1 _ sideadjacent to angleA _ AB
tangent of £ A sideoppositetoangle A BC

cotangent of £ A=

The ratios defined above are abbreviated assin A, cosA, tan A, cosec A, sec A
and cot A respectively. Note that the ratios cosec A, sec A and cot A are respectively,
the reciprocals of theratiossin A, cos A and tan A.

BC
BC Ac SnhA COsA
Al thattanA= —=5== dcot A = .
S0, observe an AB AB  cosA and co SnA
AC

So, the trigonometric ratios of an acute angle in a right triangle express the
relationship between the angle and the length of its sides.

Why don’t you try to define the trigonometric ratios for angle C in the right
triangle? (SeeFig. 8.5)
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Thefirst use of the idea of ‘sine’ in the way we use
it today wasin thework Aryabhatiyam by Aryabhata,
in A.D. 500. Aryabhata used the word ardha-jya
for the half-chord, which was shortened to jya or
jiva in due course. When the Aryabhatiyam was
translated into Arabic, the word jiva was retained as
itis. Theword jiva wastransated into sinus, which
means curve, when the Arabic version wastrandsl ated
into Latin. Soon the word sinus, also used as sine,
became common in mathematical texts throughout
Europe. An English Professor of astronomy Edmund
Gunter (1581-1626), first used the abbreviated
notation ‘sin’.

/)

i

Aryabhata
C.E. 476 — 550

Theorigin of theterms’ cosine' and ‘tangent’ was much later. The cosine function
arose from the need to compute the sine of the complementary angle. Aryabhatta
called it kotijya. The name cosinus originated with Edmund Gunter. In 1674, the
English Mathematician Sir Jonas Moore first used the abbreviated notation ‘ cos'.

Remark : Note that the symbol sin A is used as an
abbreviation for ‘the sine of theangleA’. sinA isnot
the product of ‘sin’ and A. ‘sin’ separated from A
hasno meaning. Similarly, cosA isnot the product of
‘cos and A. Similar interpretations follow for other
trigonometric ratios al so.

Now, if we take a point P on the hypotenuse Hypotenuse

AC or apoint Q on AC extended, of theright triangle
ABC and draw PM perpendicular to AB and QN
perpendicular to AB extended (see Fig. 8.6), how
will the trigonometric ratios of £ A in A PAM differ
fromthose of ZAinA CAB or fromthoseof ZAin
A QAN?

P
A M
Fig. 8.6

B

A
o
'

N

To answer this, first ook at these triangles. ISA PAM similar to A CAB? From
Chapter 6, recall the AA similarity criterion. Using the criterion, you will seethat the
triangles PAM and CAB are similar. Therefore, by the property of similar triangles,

the corresponding sides of the triangles are proportional.

AM AP MP
So, we have — = —=

AB - AC BC
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F thi find m = ﬁ—sinA
rom this, wefin AP - AC .
- AM AB MP BC
Smilatly, ——=—— = COSA, — =—— = and so on.
¥ AP AC A - Ag A

This shows that the trigonometric ratios of angle A in A PAM not differ from
those of angle A in A CAB.

In the same way, you should check that the value of sin A (and also of other
trigonometric ratios) remains the samein A QAN also.

From our observations, it is now clear that the values of the trigonometric
ratios of an angle do not vary with the lengths of the sides of the triangle, if
the angle remains the same.

Note : For the sake of convenience, we may write sin?A, cos?A, etc., in place of
(sinA)?, (cosA)?, etc., respectively. But cosecA = (sinA)t#sintA (itiscalled sine
inverseA). sint A has adifferent meaning, which will be discussed in higher classes.
Similar conventions hold for the other trigonometric ratios as well. Sometimes, the
Greek letter 0 (theta) is also used to denote an angle.

We have defined six trigonometric ratios of an acute angle. If we know any one
of the ratios, can we obtain the other ratios? Let us see.

1
If inaright triangle ABC, sinA = 5, C
B
then this means that A_ng’ i.e., the 3k k
lengths of thesidesBC and AC of thetriangle
ABCareintheratiol: 3(seeFig. 8.7). Soif A B
BC isequal to k, then AC will be 3k, where Fig. 8.7

kisany positive number. To determine other
trigonometric ratios for the angle A, we need to find the length of the third side
AB. Do you remember the Pythagoras theorem? Let us use it to determine the
required length AB.

AB2 = AC?2 — BC? = (3k)2 — (K)2 = 8k2 = (2/2 k)2

Therefore, AB = + 2/2k

So, we get AB = 22k (WhyisAB not—2,2k?)
AB 22k 22

Now, COSA= —=——=——

AC 3k 3
Similarly, you can obtain the other trigonometric ratios of theangleA.
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Remark : Since the hypotenuse is the longest side in a right triangle, the value of
sinA or cosA isalwayslessthan 1 (or, in particular, equal to 1).

Let us consider some examples.

@}

4
Example 1 : Given tan A = 5, find the other

trigonometric ratios of the angleA.

Solution : Let us first draw a right A ABC

(see Fig 8.9). 4k

Now, we know that tan A = -2 = 2

ow, we know A= o=a.
Therefore, if BC = 4k, then AB = 3k, where k is a A T B
positive number.

Fig. 8.8
Now, by using the Pythagoras Theorem, we have J

AC? = AB? + BC? = (4k)? + (3K)? = 25k?
So, AC = 5k
Now, we can write all the trigonometric ratios using their definitions.
BC 4k 4
AC 5k 5
AC 5k 5
1 1

1 3 5
=——=—C0SeCA=——=— = =
Therefore, cot A A4 SnA 2 and sec A <A

SinA=

wlo

P
Example 2 : If £ B and £ Q are

acute angles such that sin B = sin Q,
then provethat £ B = £ Q.

Solution : Let us consider two right
triangles ABC and PQR where
sin B = sin Q (see Fig. 8.9). C B R Q
Fig. 8.9

A

We have snB =

313 5|3

and snQ=
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h AC _ PR
en AB ~ PQ
Theref AC LA sy 1
erefore, PR-PQ 1)

Now, using Pythagoras theorem,

BC= JAB%- AC?

iR

and QR = ,/PQ* — PR?

BC \/ABZ _ AC2 _ \/kszz_ K2PR2 _k /PQZ— PR2 »
So, QR = (PQZ _ PR2 \/PQZ— PR2 \/PQZ— PR2 (2)

From (1) and (2), we have

AC _ AB_BC
PR PQ OR
Then, by using Theorem 6.4, A ACB ~ A PRQ and therefore, £ B = £ Q.

Example 3 : Consider A ACB, right-angled at C, in
which AB = 29 units, BC = 21 unitsand £ ABC =6
(see Fig. 8.10). Determine the values of

_ _ 29
(i) cos? 0 +sin0,
(i) cos? O —sin? 6.
Solution : In A ACB, we have 6
¢ 21 B
AC= \JAB?-BC? = |/(29)? - (21)? Fig. 8.10

= J(29- 21)(29 + 21) = /(8)(50) = +/400 = 20units
AC 20 BC 21
=—=—,0080=—=—:
AB 29 AB 29

Now (i s29+'ze—(§ 2+(2_12_202+212_400+441_
ow, (i) cos® + s = | 59 | *| 59 29? 841

So, sino

1

. . (21)2 (
and (ii) cos?0 —sinO = | = | —

29 292 841"

20)2 _(21+20)(21-20) 41
29 B -
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Example4: Inaright triangle ABC, right-angled at B, A
if tan A = 1, then verify that

2 sSinA cosA =1.

BC
Solution : INAABC, tan A= = =1 (seeFig 8.11)

i.e., BC= AB _
Fig. 8.11
Let AB = BC =k, where k is a positive number.

Now, AC= ,/AB?+ BC?
= J(K)? + (k)? = k~/2

o, _BC_ 1 AB_ 1
Therefore, SNA = AC 12 and CosA = AC f
So, 2sinA cosA = 2( J( J 1, which istherequired value.
Example 5 : In A OPQ, right-angled at P, 0
OP =7 cmand OQ — PQ = 1 cm (see Fig. 8.12).
Determine the values of sin Q and cos Q.
Solution : In A OPQ, we have
OoQ¥ = OP* + PQ?
i.e, (1+PQ)?=0P + PQ* (Why?)
ie, 1+ PQ?+2PQ = OP + PQ?
i.e, 1+2PQ= 7?2 Why?
PQ (Why?) pL0 g o
ie, PQ=24cmand OQ =1+ PQ=25cm om
Fig. 8.12
7 24
o, st— andcosQ——-

25
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EXERCISE 8.1
1. InAABC, right-angledat B, AB =24 cm, BC=7cm. Determine:
(i) snA,cosA r
(i) sinC,cosC
2. InFig.8.13, findtan P—cot R.
3 12 cm 13 cm
3. IfsnA= Z calculate cos A and tan A.
4. Given15cot A =8, findsin A and sec A.
13 Q R
5. Givensec6= T} calculate all other trigonometric ratios. Fig. 8.13

6. If £ A and £ B are acute angles such that cos A = cos B, then show that £ A = £ B.

(I+sn6)(1-sno) ’

7. IfcotO= Z evaluate: (i) (ii) cot?6
8 (1+ cos 0) (1 — cos6)
1-tan®A
8. If 3cot A =4, check whether -—— 3> =cos? A —sin?A or not.
1+ tan“A

1
9. Intriangle ABC, right-angled at B, if tan A = ﬁ find the value of:
(i) snAcosC+cosAsinC
(i) cosAcosC—-sinAsinC

10. InAPQR,right-angled at Q, PR + QR =25 cm and PQ = 5 cm. Determine the val ues of
sin P, cosPand tan P.

11. State whether thefollowing aretrue or false. Justify your answer.
(i) Thevalueof tan A isawayslessthan 1.

12
(i) secA= 5 for some value of angle A.

(iif) cos A isthe abbreviation used for the cosecant of angle A.
(iv) cot A isthe product of cot and A.

4
(v) snb= 3 for someangle6.

8.3 Trigonometric Ratiosof Some SpecificAngles

From geometry, you are already familiar with the construction of angles of 30°, 45°,
60° and 90°. In thissection, wewill find the values of the trigonometric ratiosfor these
angles and, of course, for 0°.

Reprint 2026-27



122 MATHEMATICS

Trigonometric Ratios of 45° C

InA ABC, right-angled at B, if oneangleis45°, then
the other angle is also 45°, i.e, L A= £ C = 45°

(see Fig. 8.14).

o, BC=AB (Why?) B
A

Now, Suppose BC =AB =a. Fig. 8.14

Then by Pythagoras Theorem, AC2 = AB? + BC2 = & + a2 = 2a2,
and, therefore, AC = a2-
Using the definitions of the trigonometric ratios, we have :

side oppositeto angle45° BC  a 1

sin45° = =—=—F==—F
hypotenuse AC a/2 2
side adjacent toangle 45°  AB a 1
cos45° = e e
hypotenuse AC a2 2
side oppositeto angle45° BC a
tan 45° = oo OPP geas' _BC_a_,
side adjacent to angle45° AB a
1 1
Also, cosec 45° = — o=\/§,sec45°= o=x/§,cot45°= L =
sin 45 cos 45 tan 45°
Trigonometric Ratios of 30° and 60° A
Let us now calculate the trigonometric ratios of 30°
and 60°. Consider an equilateral triangleABC. Since
each anglein an equilateral triangleis60°, therefore, 30°
ZA=/4B=4£C=60°.
Draw the perpendicular AD from A to the side BC p/60° C
(see Fig. 8.15). b
Now AABD = AACD (Why?) Fig. 8.15
Therefore, BD = DC
and Z BAD = £ CAD (CPCT)

Now observe that:
AABD isarighttriangle, right-angled at D with £ BAD =30° and £ ABD = 60°
(see Fig. 8.15).
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Asyou know, for finding the trigonometric ratios, we need to know the lengths of the
sides of the triangle. So, let us suppose that AB = 2a.

1
Then, BD = EBC:a
and AD? = AB? — BD? = (2a)% — (a)? = 3a%,
Therefore, AD = a\/§
Now, we have :
sin30° = ﬁ=i=i cos30°—£——a\/§—£
" AB 2a 2’ T AB 2a 2
,_Bb_a 1
tan 30° = AD a\/g \/é
Also cosec 30° = 1 =2, sec30°= 1 __ 2
’ © &§n30° "~ cos30° /3
1
cot 30° = =\@
tan 30°
Smilarly,
gngor= AD @B _ VB e 6o =
T AB 2a 2° T2 =3
60° = =1 sec 60° = 2 and cot 60° = -
COSec =5 sec =2andco =5

Trigonometric Ratios of 0° and 90°
Let us see what happens to the trigonometric ratios of angle

C
A, if itismade smaller and smaller in theright triangle ABC
(seeFig. 8.16), till it becomes zero. As £ A gets smaller and
smaller, thelength of the side BC decreases.The point C gets
closer to point B, and finally when £ A becomes very close A _ B
to 0°, AC becomes almost the same as AB (see Fig. 8.17). Fig. 8.16
C
BTe L R
- 4C R o o
A B A B A B A B A B A B

Fig. 8.17
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When £ A is very close to 0°, BC gets very close to 0 and so the value of

BC
SnA= AC isvery close to 0. Also, when £ A isvery closeto 0°, AC is nearly the

AB
same as AB and so the value of cosA = AC isvery closeto 1.

This helps us to see how we can define the values of sin A and cos A when
A =0°. We define: sin 0° =0 and cos 0° = 1.

Using these, we have :

sin 0°
tan 0° = =0,cot0° = » which is not defined. (Why?)
cos 0° tan 0°
1 1 I . .
sec 0° = ——— =1 and cosec 0° = ——— whichisagain not defined.(\Why?)
cos 0° sin 0°

Now, let us see what happensto the trigonometric ratios of £ A, whenitismade
larger and larger in A ABCill it becomes 90°. As £ A getslarger and larger, £ C gets
smaller and smaller. Therefore, asin the case above, the length of the side AB goeson
decreasing. The point A gets closer to point B. Finally when £ A isvery closeto 90°,
£ C becomes very close to 0° and the side AC almost coincides with side BC
(see Fig. 8.18).

C C C
A B “ “A B R AP

Fig. 8.18

When £ Cisvery closeto 0°, £ A isvery close to 90°, side AC is nearly the
sameasside BC, and so sin A isvery closeto 1. Also when £ A isvery close to 90°,
Z Cisvery closeto 0°, and the side AB is nearly zero, so cosA isvery closeto O.

So, we define: sin 90° = 1 and cos 90° = 0.
Now, why don’t you find the other trigonometric ratios of 90°?

We shall now give the values of all the trigonometric ratios of 0°, 30°, 45°, 60°
and 90° in Table 8.1, for ready reference.
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Table 8.1

Remark : From the table above you can observe that as £ A increases from 0° to
90°, sin A increases from 0 to 1 and cos A decreases from 1 to 0.

Let usillustrate the use of the values in the table above through some examples.

Example 6 : In A ABC, right-angled at B, A
AB =5 cm and £ ACB = 30° (see Fig. 8.19).
Determine the lengths of the sides BC and AC.

Solution : To find the length of the side BC, we will

choose the trigonometric ratio involving BC and the 30°
givensideAB. Since BCisthe side adjacent to angle B C
C and AB isthe side opposite to angle C, therefore Fig. 8.19

5cm

B—C:tanC
30° = =
gc - @30 =13

which gives BC= 5/3 cm

ie.,

Reprint 2026-27



126 MATHEMATICS

To find the length of the side AC, we consider

in30° = E Why?
sin = AC (Why?)
- 1_5
i.e., > = AC
ie, AC = 10cm

Notethat alternatively we could have used Pythagoras theorem to determine the third
sidein the example above,

ie, AC = [AB?+ BC? =52+ (5v/3)% cm = 10cm.

Example 7 : In A PQR, right-angled at

Q (seeFig. 8.20), PQ=3cmand PR=6 cm. P
Determine £ QPR and £ PRQ.
Solution : Given PQ = 3 cm and PR =6 cm. 3 em 6 cm
PQ _
Therefore, ﬁ =snR Q R
Fig. 8.20

or snR= 3_1

6 2
o, Z PRQ = 30°
and therefore, Z QPR = 60°. (Why?)

You may note that if one of the sides and any other part (either an acute angle or any
side) of aright triangleis known, the remaining sides and angles of thetriangle can be
determined.

1 1
Example8: If sn(A-B) = P cos(A+B)= > 0°<A+B<90°,A>B,findA
and B.

1
Solution : Since, sin (A —B) = o therefore, A—B =30° (Why?) (1)

1
Also, sincecos (A +B) = 5 therefore, A+ B =60° (Why?) 2
Solving (1) and (2), weget : A= 45° and B = 15°.
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EXERCISE 8.2
1. Evauatethefollowing:
(i) sin60° cos30° +sin 30° cos60° (i) 2tan?45° + cos? 30° —sin? 60°
Gi cos 45° W) sin 30° + tan 45° — cosec 60°
sec 30° + cosec 30° sec 30° + cos 60° + cot 45°

5 cos? 60° + 4 sec? 30° — tan? 45°
sin? 30° + cos® 30°

(v)

2. Choose the correct option and justify your choice :

0 2tan 30°
1+ tan® 30°
(A) sin60° (B) cos60° (©) tan60° (D) sin30°
1-tan® 45°
) 1+ tan? 45°
(A) tan90° B) 1 (©) sin45° (D) 0
(i) sin2A=2sinAistruewhenA =
A @ ®) © 4 (D) 60°
2 tan 30°

™) 1 @300
(A)  cos60° B) sin60° (©) tan60° (D) sin30°

1
3. Iftan(A+B)= /3 andtan (A—B) = ﬁ;O°<A+Bs90°;A>B,findAandB.

4. State whether the following are true or false. Justify your answer.
@) sn(A+B)=sinA+sinB.
(i) Thevalue of sin 6 increases as 6 increases.
(i) The value of cos 6 increases as 6 increases.
(iv) sin©=cos®6 for all valuesof 6.
(v) cotAisnotdefinedfor A =0°.
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8.4 Trigonometricldentities A

You may recall that an equation is called an identity
whenitistruefor all valuesof thevariablesinvolved.
Similarly, an equation involving trigonometric ratios
of anangleiscalled atrigonometricidentity, if itis
truefor all values of the angle(s) involved.

In thissection, we will prove onetrigonometric

identity, and use it further to prove other useful C _ B
trigonometricidentities. Fig. 8.21
In AABC, right-angled at B (see Fig. 8.21), we have:
AB2 + BC?*= AC? (@)
Dividing each term of (1) by AC?, we get
AB® BC® _AC?
+ =
AC*> AC* AC?
_ [AB]Z [BC]Z (AC)Z
ie, — =l = 5=
AC AC AC
i.e, (cosA)y + (snA)3=1
i.e, cos A +sinfA=1 2

Thisistruefor al A such that 0° < A <90°. So, thisisatrigonometric identity.
Let us now divide (1) by AB2 We get
AB®> BC® _AC?
+
AB®> AB* AB’

[AB]Z [BC)Z [AC)Z

or — | || = |—

’ AB AB AB

i.e, 1+tan’A = sec? A (3)

Isthis equation true for A = 0°? Yes, it is. What about A = 90°? Well, tan A and
sec A are not defined for A = 90°. So, (3) istruefor all A such that 0° <A < 90°.

Let us see what we get on dividing (1) by BC2 We get

AB?2 BC? AC?
>t 2 = 2
BC? BC BC
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_ (AB ? (BC ? (AC ?
ie, —| *la=] = |ar
BC BC BC
i.e, cot?A + 1 = cosec? A 4

Note that cosec A and cot A are not defined for A = 0°. Therefore (4) istruefor
all A such that 0° <A < 90°.

Using theseidentities, we can express each trigonometric ratio in terms of other
trigonometric ratios, i.e., if any one of theratiosis known, we can also determine the
values of other trigonometric ratios.

Let us see how we can do this using these identities. Suppose we know that

1
tan A = ﬁ Then, cotA = /3.

4 2 NE

Since, sec?A=1+tanA = 1+:—L=—, seCcA = —, and COSA = —-
3 3 V3 2

. . 3 1
Again, sSinA = \/1- cos? A =, [1- = = =. Therefore, cosec A = 2.
g 4 2

Example 9 : Expressthe ratios cos A, tan A and sec A in terms of sin A.

Solution : Since cos? A + sin? A = 1, therefore,

CO2A = 1—SMA,i.e,cosA= t1-sin’A
Thisgives cosA = /1—sin?A (Why?)

y ) sin A SnA ez 1 1
ence, anA = = sec A = -
cosA  [1-sin’A

CosA  [1-sin?A
Example 10 : Provethat secA (1 —sin A)(sec A +tan A) = 1.
Solution :

1 N sin A
CosA cosA

LHS=sec A (L—sinA)(sec A + tan A) = (ﬁj @-sn A)[
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@-snA)(1+snA) 1-sn®A

_ cos® A
T cos’A

cot A—cosA cosecA -1

cos’ A

Example 11 : Prove that

cos A
cot A—cosA sinA

cot A + cosA COSA
sin A

— COs A

Solution : LHS =

+ Cos A

cosA(_1 —1} (_1 -1
_ sn A 4 sin A

cot A + cosA cosec A +1

cos’ A

=1=RHS

), Lo 2
_Cose ALl s

cos A _1 +1 _1
sin A sin A

sSin@-cos6+1 1

+1

J_cosecA+1_

» using the identity

Example 12 : Prove that
sec? 0 =1 +tan? 0.

SNO+cosO-1 secO-tan o

Solution : Since we will apply the identity involving sec 6 and tan 6, let us first
convert the LHS (of the identity we need to prove) in terms of sec 6 and tan 6 by

dividing numerator and denominator by cos©.

Sin® —cos6+1 tanO-1+seCcHO
snO+cos6—-1 tan®+1-secHO

LHS=

(tan6+sece)—1:{(tan6+sece)—1}(tane—sece)

(tan?@ — sec? 0) — (tan © — sec 6)
{tan 6 —sec 6 + 1} (tan6 — sec 6)

—1-tanO+secO
(tan ® —sec © + 1) (tan 6 — sec 0)
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-1 1
T tan®—-secO secH-tan O

which isthe RHS of the identity, we are required to prove.

EXERCISE 83

1. Expressthetrigonometric ratiossin A, sec A and tan A in terms of cot A.
2. Writeall the other trigonometric ratios of £ A intermsof secA.
3. Choose the correct option. Justify your choice.

(i) 9seccA-9ta?A=

A) 1 ®) 9 © 8 D)0
(i) (1+tan® +secO) (1+ cotO—cosecO) =

(A) O B 1 © 2 (D) 11
(i) (secA+tanA) (1-sinA)=

(A) secA (B) sinA (©) cosec A (D) cosA
C 1+tan® A
™) Tvco?a

(A) sec?A B) -1 (© cotzA (D) tan?A

4. Provethefollowing identities, where the anglesinvolved are acute anglesfor which the
expressions are defined.

1-cos® cosA  1+sinA

i) (cosec®—cotB)’="7 ii + =2sec A
0 V= T+cose ) 1+snA  cosA

tan © cot 6
(i) +
l1-cot® 1-tan6
[Hint : Write the expression in terms of sin 6 and cos 6]
1+scA  sn’A
sec A 1-cosA
COSA —sinA +1

(v) _ =cosec A + cot A, usingtheidentity cosec? A =1+ cot? A.
CosA +sinA -1

=1+ seCc O cosec 0

(iv) [Hint : Simplify LHSand RHS separately]

1+snA sin6 - 2sin’H
Vi) 7 oo =SecA +tanA Vi) ————— =

1-snA tan ©

2 cos’ 0 — cos 0

(viii) (sinA +cosecA)2+ (COSA +secA)? =7 +tan? A + cot? A
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1
tan A + cot A

[Hint : Simplify LHS and RHS separately]
1+tan2A_ I—tanA2 ,
® 1+ cot’A | —cota) — WA

8.5 Summary

(ix) (cosec A —sin A)(sec A —cos A) =

In this chapter, you have studied the following points :

1. Inarighttriangle ABC, right-angled at B,

side opposite to angle A . _ side adjacent to angle A

0os A
hypotenuse hypotenuse

SinA =

side opposite toangle A

tan A= side adjacent to angle A

sin A

2. cosecA=.;;secA=#;tanA= > tan A = .
sin A cos A cot A cos A

3. Ifone of the trigonometric ratios of an acute angle is known, the remaining trigonometric
ratios of the angle can be easily determined.

4. The values of trigonometric ratios for angles 0°, 30°, 45°, 60° and 90°.

5. The value of sin A or cos A never exceeds 1, whereas the value of sec A (0° <A <90°) or
cosec A (0° <A <90°) is always greater than or equal to 1.

6. sin? A+cos?A=1,
sec’A—tan?A=1 for 0°<A<90°,
cosec’A=1+cot? A for 0°<A<90°.
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SOME APPLICATIONS OF
TRIGONOMETRY

9.1 Heights and Distances

In the previous chapter, you have studied about trigonometric ratios. In this chapter,
you will be studying about some ways in which trigonometry is used in the life around
you.

Let us consider Fig. 8.1 of prvious chapter, which is redrawn below in Fig. 9.1.

C
o o o
NS zo&'.‘
o o
An le of elevation ,“'Angle of elevation :
e B S ‘B
Ek ................................... [

Fig. 9.1

In this figure, the line AC drawn from the eye of the student to the top of the
minar is called the line of sight. The student is looking at the top of the minar. The
angle BAC, so formed by the line of sight with the horizontal, is called the angle of
elevation of the top of the minar from the eye of the student.

Thus, the line of sight is the line drawn from the eye of an observer to the point
in the object viewed by the observer. The angle of elevation of the point viewed is
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the angle formed by the line of sight with the horizontal when the point being viewed is
above the horizontal level, i.e., the case when we raise our head to look at the object
(see Fig. 9.2).

Fig. 9.2

Now, consider the situation given in Fig. 8.2. The girl sitting on the balcony is
looking down at a flower pot placed on a stair of the temple. In this case, the line of
sight is below the horizontal level. The angle so formed by the line of sight with the
horizontal is called the angle of depression.

Thus, the angle of depression of a point on the object being viewed is the angle
formed by the line of sight with the horizontal when the point is below the horizontal
level, i.e., the case when we lower our head to look at the point being viewed
(see Fig. 9.3).

Horizontal level

Object

Fig. 9.3
Now, you may identify the lines of sight, and the angles so formed in Fig. 8.3.
Are they angles of elevation or angles of depression?

Let us refer to Fig. 9.1 again. If you want to find the height CD of the minar
without actually measuring it, what information do you need? You would need to know
the following:

(i) the distance DE at which the student is standing from the foot of the minar
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(i) theangle of elevation, £ BAC, of the top of the minar
(iii) the height AE of the student.

Assuming that the above three conditions are known, how can we determinethe
height of the minar?

Inthefigure, CD = CB + BD. Here, BD = AE, which isthe height of the student.
To find BC, we will use trigonometric ratios of £ BAC or ZA.

In A ABC, the side BC is the opposite side in relation to the known £ A. Now,
which of the trigonometric ratios can we use? Which one of them has the two values
that we have and the one we need to determine? Our search narrows down to using
either tan A or cot A, as these ratios involve AB and BC.

BC AB
Therefore, tanA = AB or CotA = BC which on solving would give us BC.

By adding AE to BC, you will get the height of the minar.
Now |et usexplain the process, we have just discussed, by solving some problems.

Example 1 : A tower stands vertically on the ground. From a point on the ground,
whichis 15 m away from the foot of the tower, the angle of elevation of the top of the
tower isfound to be 60°. Find the height of the tower.

Solution : First let us draw a simple diagram to
represent the problem (see Fig. 9.4). Here AB
represents the tower, CB is the distance of the point
from the tower and £ ACB isthe angle of elevation.
We need to determine the height of the tower, i.e.,
AB. Also, ACB isatriangle, right-angled at B.

To solve the problem, we choose the trigonometric
ratio tan 60° (or cot 60°), as the ratio involves AB
and BC.

N tan 60° = 0
ow, an = BC
ie, \/é = E
15

ie. AB = 15/3

Hence, the height of the tower is 15,3 m.
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Example 2 : An electrician has to repair an
electric fault on apole of height 5 m. She needs
to reach a point 1.3m below the top of the pole
to undertake therepair work (see Fig. 9.5). What
should be thelength of the ladder that she should
use which, when inclined at an angle of 60° to
the horizontal, would enable her to reach the
required position? Also, how far from the foot
of the pole should she place the foot of the

ladder? (You may take /3 = 1.73)

Solution : InFig. 9.5, the electricianisrequired to
reach the point B on the pole AD.

So, BD=AD-AB=(5-13m=3.7m.

Here, BC represents the ladder. We need to find
itslength, i.e., the hypotenuse of the right triangle BDC.

Now, can you think which trigonometic ratio should we consider?
It should be sin 60°.

BD . 37 3

o, BC—sunGO or BC_7
Therefore BC = ik o = 4.28 m (approx.)
i.e., the length of the ladder should be 4.28 m.
N O t 60° = =

ow, BD - co NG
i DC = 37 =214
i.e, N m (approx.)

Therefore, she should place the foot of the ladder at a distance of 2.14 m from
thepole.
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Example3: Anobserver 1.5mtall is28.5 maway A_
from achimney. The angle of elevation of the top

of the chimney from her eyesis 45°. What is the

height of the chimney?

Solution : Here, AB is the chimney, CD the
observer and £ ADE the angle of elevation (see

Fig. 9.6). Inthiscase, ADE isatriangle, right-angled 45°- o b e, E
at E and we are required to find the height of the :3 BES  °2
chimney. i ¥

C B
We have AB= AE+BE=AE+15 Fig. 9.6
and DE= CB=285m

To determine AE, we choose a trigonometric ratio, which involves both AE and
DE. Let us choose the tangent of the angle of elevation.

No tan 45° = E

W - DE
) 18 AE
€. = 285
Therefore, AE = 285

So the height of the chimney (AB) = (28.5+ 1.5) m=30m.

Example4 : From apoint P on the ground the angle of elevation of thetop of a10m
tall buildingis30°. A flag ishoisted at the top of the building and the angle of elevation
of the top of the flagstaff from P is 45°. Find the length of the flagstaff and the
distance of the building from the point P. (You may take /3 = 1.732)

Solution : InFig. 9.7, AB denotes the height of the building, BD the flagstaff and P
the given point. Note that there are two right triangles PAB and PAD. We arerequired
to find the length of the flagstaff, i.e., DB and the distance of the building from the
point P, i.e., PA.
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Since, we know the height of the building AB, we Do
will first consider theright A PAB.

AB

We have tan 30° = AP

. 1_10
l.e, \/é = AP P

Therefore, AP= 103 Fig. 9.7

i.e., the distance of the building fromPis 10\/§ m=17.32m.
Next, let us suppose DB = x m. Then AD = (10 + x) m.

o ,_ AD _ 10+x
Now, inright A PAD, tan 45° = AP 10\@

Theref g2 T
erefore, = 1003

e, x=10(v3-1) =7.32
So, the length of the flagstaff is 7.32 m. A

Example5: Theshadow of atower standing
on alevel ground isfound to be 40 m longer
when the Sun’saltitudeis 30° than whenitis
60°. Find the height of the tower.

Solution : InFig. 9.8, AB is the tower and . o
BC is the length of the shadow when the p )30 60
Sun’s altitude is 60°, i.e., the angle of ~<——40m ——>C B
elevation of thetop of the tower from thetip Fig. 9.8

of the shadow is60° and DB isthe length of S
the shadow, when the angle of elevation
is30°.

Now, let AB beh m and BC be x m. According to the question, DB is 40 m longer
than BC.
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o, DB = (40+X) m
Now, we have two right trianglesABC and ABD.
InAABC tan 60° = AB

! Mo = B

h

or, V3= 1)
InA ABD tan 30° = AB
n , an = BD
. 1 h A
ie, - x40 ()
From (1), we have h= xJ3
Putting thisvalue in (2), we get (X\/é)\/é =x+40,i.e,3x=x+40
i.e., x=20
o, h= 203 [From (1)]

Therefore, the height of the tower is 20./3m.

Example6: Theanglesof depression of the top and the bottom of an 8 mtall building

from the top of amulti-storeyed building are 30°
and 45°, respectively. Find the height of the multi-
storeyed building and the distance between the
two buildings.

Solution : In Fig. 9.9, PC denotes the multi-
storyed building and AB denotes the 8 m tall
building. We areinterested to determinethe height
of the multi-storeyed building, i.e., PC and the
distance between the two buildings, i.e., AC.
Look at the figure carefully. Observe that PB is
a transversal to the parallel lines PQ and BD.
Therefore, ZQPB and ZPBD are alternate
angles, and SO are equal.
So £ PBD =30°. Similarly, Z PAC =45°.
Inright A PBD, we have
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PD . 1 B
5p - tan 30 =7 or BD = PD./3

Inright A PAC, we have

PC
AC =tan45°=1
i.e., PC = AC
Also, PC = PD + DC, therefore, PD + DC = AC.

Since, AC = BD and DC = AB = 8 m, we get PD + 8 = BD = PD4/3 (Why?)
8 B 8(\/§+ 1)
T B-1 (V3 1) (VB -1

So, the height of the multi-storeyed buildingis {4(J§ + 1) + s}m = 4(3 + Jé)m

Thisgives PD

=4(v3+1m.

and the distance between the two buildingsis also 4(3 + \/5) m.

Example 7 : From a point on a bridge across ariver, the angles of depression of
the banks on opposite sides of theriver are 30° and 45°, respectively. If the bridge
is at a height of 3 m from the banks, find the width of the river.

Solution : In Fig 9.10, A and B
represent points on the bank on
opposite sides of theriver, so that
AB isthewidth of theriver. Pisa
point on the bridge at aheight of 3
m, i.e., DP = 3 m. We are
interested to determine the width
of theriver, whichisthe length of
the side AB of the D APB.

Now, AB = AD + DB
Inright AAPD, £ A = 30°.

S0 tan 30° = Pb
’ ~ AD
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i.e.,

Also,

Now,

1 3
5= 2D oo AD=3/3 m

inright A PBD, £ B = 45°. So, BD = PD = 3 m.
AB=BD+AD=3+3/3=3(1++3)m.

Therefore, the width of theriver is 3(@ + 1) m,

EXERCISE 9.1

A circusartistisclimbinga20 mlong rope, whichis A
tightly stretched and tied from the top of avertical
pole to the ground. Find the height of the pole, if

the angle made by the ropewith the ground level is No

30° (seeFig. 9.11).

A tree breaks due to storm and the broken part B 30 C
bends so that the top of the tree touchesthe ground

making an angle 30° with it. The distance between Fig. 9.11

the foot of the tree to the point where the top
touches the ground is 8 m. Find the height of
the tree.

A contractor planstoinstall two slidesfor the children to play in apark. For the children
below the age of 5 years, she prefersto haveaslidewhosetopisat aheight of 1.5m, and
isinclined at an angle of 30° to the ground, whereasfor elder children, shewantsto have
a steep dlide at a height of 3m, and inclined at an angle of 60° to the ground. What
should be the length of the slide in each case?

The angle of elevation of the top of atower from a point on the ground, which is30 m
away from thefoot of the tower, is30°. Find the height of the tower.

A kiteisflying at a height of 60 m above the ground. The string attached to the kiteis
temporarily tied to a point on the ground. The inclination of the string with the ground
is60°. Find the length of the string, assuming that thereis no slack in the string.

A 1.5 mtall boy is standing at some distance from a 30 m tall building. The angle of
elevation from his eyesto the top of the building increases from 30° to 60° as he walks
towards the building. Find the distance he walked towards the building.

From a point on the ground, the angles of elevation of the bottom and the top of a
transmission tower fixed at thetop of a20 m high building are 45° and 60° respectively.
Find the height of the tower.
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10.

11

12.

13.

14.

15.

A statue, 1.6 m tall, stands on the top of a pedestal. From a point on the ground, the
angle of elevation of the t<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>