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Foreword

The National Curriculum Framework, 2005, recommends that children’s life at school
must be linked to their life outside the school. This principle marks a departure from the
legacy of bookish learning which continues to shape our system and causes a gap
between the school, home and community. The syllabi and textbooks developed on the
basis of NCF signify an attempt to implement this basic idea. They also attempt to
discourage rote learning and the maintenance of sharp boundaries between different
subject areas. We hope these measures will take us significantly further in the
direction of a child-centred system of education outlined in the National Policy on
Education (1986).

The success of this effort depends on the steps that school principals and teachers
will take to encourage children to reflect on their own learning and to pursue imaginative
activities and questions. We must recognise that, given space, time and freedom, children
generate new knowledge by engaging with the information passed on to them by adults.
Treating the prescribed textbook as the sole basis of examination is one of the key
reasons why other resources and sites of learning are ignored. Inculcating creativity
and initiative is possible if we perceive and treat children as participants in learning, not
as receivers of a fixed body of knowledge.

These aims imply considerable change in school routines and mode of functioning.
Flexibility in the daily time-table is as necessary as rigour in implementing the annual
calendar so that the required number of teaching days are actually devoted to teaching.
The methods used for teaching and evaluation will also determine how effective this
textbook proves for making children’s life at school a happy experience, rather than a
source of stress or boredom. Syllabus designers have tried to address the problem of
curricular burden by restructuring and reorienting knowledge at different stages with
greater consideration for child psychology and the time available for teaching. The
textbook attempts to enhance this endeavour by giving higher priority and space to
opportunities for contemplation and wondering, discussion in small groups, and activities
requiring hands-on experience.
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NCERT appreciates the hard work done by the textbook development committee
responsible for this book. We wish to thank the Chairperson of the advisory group in
Science and Mathematics, Professor J. V. Narlikar and the Chief Advisor for this book,
Professor P.K. Jain for guiding the work of this committee. Several teachers contributed
to the development of this textbook; we are grateful to their principals for making this
possible. We are indebted to the institutions and organisations which have generously
permitted us to draw upon their resources, material and personnel. As an organisation
committed to systemic reform and continuous improvement in the quality of its products,
NCERT welcomes comments and suggestions which will enable us to undertake further
revision and refinement.

Director
New Delhi National Council of Educational
20 November 2006 Research and Training
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Rationalisation of Content in the Textbooks

In view of the COVID-19 pandemic, it is imperative to reduce content load on students.
The National Education Policy 2020, also emphasises reducing the content load and
providing opportunities for experiential learning with creative mindset. In this background,
the NCERT has undertaken the exercise to rationalise the textbooks across all classes.
Learning Outcomes already developed by the NCERT across classes have been taken
into consideration in this exercise.

Contents of the textbooks have been rationalised in view of the following:
*  Overlapping with similar content included in other subject areas in the same class
e Similar content included in the lower or higher class in the same subject

e Difficulty level

e Content, which is easily accessible to students without much interventions from
teachers and can be learned by children through self-learning or peer-learning

* Content, which is irrelevant in the present context

This present edition, is a reformatted version after carrying out the changes given above.
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Preface

The National Council of Educational Research and Training (NCERT) had constituted
21 Focus Groups on Teaching of various subjects related to School Education,
to review the National Curriculum Framework for School Education - 2000
(NCFSE - 2000) in face of new emerging challenges and transformations occurring in
the fields of content and pedagogy under the contexts of National and International
spectrum of school education. These Focus Groups made general and specific comments
in their respective areas. Consequently, based on these reports of Focus Groups, National
Curriculum Framework (NCF)-2005 was developed.

NCERT designed the new syllabi and constituted Textbook Development
Teams for Classes XI and XII to prepare textbooks in Mathematics under the new
guidelines and new syllabi. The textbook for Class XI is already in use, which was
brought in 2005.

The first draft of the present book (Class XII) was prepared by the team
consisting of NCERT faculty, experts and practicing teachers. The draft was refined
by the development team in different meetings. This draft of the book was exposed
to a group of practicing teachers teaching Mathematics at higher secondary stage
in different parts of the country, in a review workshop organised by the NCERT at
Delhi. The teachers made useful comments and suggestions which were incorporated
in the draft textbook. The draft textbook was finalised by an editorial board constituted
out of the development team. Finally, the Advisory Group in Science and Mathematics
and the Monitoring Committee constituted by the HRD Ministry, Government of India
have approved the draft of the textbook.

In the fitness of things, let us cite some of the essential features dominating the
textbook. These characteristics have reflections in almost all the chapters. The existing
textbook contains thirteen main chapters and two appendices. Each chapter contains
the followings :

= Introduction: Highlighting the importance of the topic; connection with earlier
studied topics; brief mention about the new concepts to be discussed in the
chapter.

= Organisation of chapter into sections comprising one or more concepts/
subconcepts.

= Motivating and introducing the concepts/subconcepts. Illustrations have been
provided wherever possible.

Reprint 2026-27



Viii

= Proofs/problem solving involving deductive or inductive reasoning, multiplicity
of approaches wherever possible have been inducted.

= Geometric viewing / visualisation of concepts have been emphasized whenever
needed.

= Applications of mathematical concepts have also been integrated with allied
subjects like Science and Social Sciences.

= Adequate and variety of examples/exercises have been given in each section.

= For refocusing and strengthening the understanding and skill of problem solving
and applicabilities, miscellaneous types of examples/exercises have been
provided involving two or more subconcepts at a time at the end of the chapter.
The scope of challenging problems to talented minority have been reflected
conducive to the recommendation as reflected in NCF-2005.

= For more motivational purpose, brief historical background of topics have been
provided at the end of the chapter and at the beginning of each chapter, relevant
quotation and photograph of eminent mathematician who have contributed
significantly in the development of the topic undertaken, are also provided.

= Lastly, for direct recapitulation of main concepts, formulas and results, brief
summary of the chapter has also been provided.

I am thankful to Professor Krishan Kumar, Director, NCERT who constituted the
team and invited me to join this national endeavour for the improvement of Mathematics
education. He has provided us with an enlightened perspective and a very conducive
environment. This made the task of preparing the book much more enjoyable and
rewarding. I express my gratitude to Professor J.V. Narlikar, Chairperson of the Advisory
Group in Science and Mathematics, for his specific suggestions and advice towards
the improvement of the book from time to time. I, also, thank Professor
G. Ravindra, Joint Director, NCERT for his help from time to time.

I express my sincere thanks to Professor Hukum Singh, Chief Coordinator and
Head, DESM, Dr. V. P. Singh, Coordinator and Professor, S. K. Singh Gautam who
have been helping for the success of this project academically as well as administratively.
Also, I would like to place on records my appreciation and thanks to all the members
of the team and the teachers who have been associated with this noble cause in one or
the other form.

Pawan K. JaIN
Chief Advisor
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THE CONSTITUTION OF
INDIA

PREAMBLE

WE, THE PEOPLE OF INDIA, having
solemnly resolved to constitute India into a
'[SOVEREIGN SOCIALIST SECULAR
DEMOCRATIC REPUBLIC] and to secure
to allits citizens :

JUSTICE, social, economic and
political;

LIBERTY of thought, expression, belief,
faith and worship;

EQUALITY of status and of opportunity;
and to promote among them all

FRATERNITY assuring the dignity of
the individual and the ’[unity and
integrity of the Nation];

IN OUR CONSTITUENT ASSEMBLY

this twenty-sixth day of November, 1949 do
HEREBY ADOPT, ENACT AND GIVE TO
OURSELVES THIS CONSTITUTION.

1. Subs. by the Constitution (Forty-second Amendment) Act, 1976, Sec.2,

2.

for "Sovereign Democratic Republic” (w.e.f. 3.1.1977)
Subs. by the Constitution (Forty-second Amendment) Act, 1976, Sec.2,
for "Unity of the Nation" (w.e.f. 3.1.1977)
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INTEGRALS

% Just as a mountaineer climbs a mountain — because it is there, so
a good mathematics student studies new material because
it is there. — JAMES B. BRISTOL +¥

7.1 Introduction

Differential Calculus is centred on the concept of the
derivative. The original motivation for the derivative was
the problem of defining tangent lines to the graphs of
functions and calculating the slope of such lines. Integral
Calculus is motivated by the problem of defining and
calculating the area of the region bounded by the graph of
the functions.

If a function f is differentiable in an interval I, i.e., its
derivative f “exists at each point of I, then a natural question
arises that given f“at each point of I, can we determine
the function? The functions that could possibly have given
function as a derivative are called anti derivatives (or G .W. Leibnitz
primitive) of the function. Further, the formula that gives (1646 -1716)
all these anti derivatives is called the indefinite integral of the function and such
process of finding anti derivatives is called integration. Such type of problems arise in
many practical situations. For instance, if we know the instantaneous velocity of an
object at any instant, then there arises a natural question, i.e., can we determine the
position of the object at any instant? There are several such practical and theoretical
situations where the process of integration is involved. The development of integral
calculus arises out of the efforts of solving the problems of the following types:

(a) the problem of finding a function whenever its derivative is given,

(b) the problem of finding the area bounded by the graph of a function under certain
conditions.
These two problems lead to the two forms of the integrals, e.g., indefinite and
definite integrals, which together constitute the Integral Calculus.
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226 MATHEMATICS

There is a connection, known as the Fundamental Theorem of Calculus, between
indefinite integral and definite integral which makes the definite integral as a practical
tool for science and engineering. The definite integral is also used to solve many interesting
problems from various disciplines like economics, finance and probability.

In this Chapter, we shall confine ourselves to the study of indefinite and definite
integrals and their elementary properties including some techniques of integration.

7.2 Integration as an Inverse Process of Differentiation

Integration is the inverse process of differentiation. Instead of differentiating a function,
we are given the derivative of a function and asked to find its primitive, i.e., the original
function. Such a process is called integration or anti differentiation.

Let us consider the following examples:

We know that i (sin x) = cos x . (D)
dx
d x° 5
—(—) = .2
dx( 3 ) =x ()
d
and —(e")=¢* .. (3
dx

We observe that in (1), the function cos x is the derived function of sin x. We say
3
X
that sin x is an anti derivative (or an integral) of cos x. Similarly, in (2) and (3), ? and

e* are the anti derivatives (or integrals) of x* and e*, respectively. Again, we note that
for any real number C, treated as constant function, its derivative is zero and hence, we
can write (1), (2) and (3) as follows :
3
i(sinx+C)=cosx, i(x—+C)=x2and i(ex +C)=¢"
dx dx 3 dx
Thus, anti derivatives (or integrals) of the above cited functions are not unique.

Actually, there exist infinitely many anti derivatives of each of these functions which
can be obtained by choosing C arbitrarily from the set of real numbers. For this reason
C is customarily referred to as arbitrary constant. In fact, C is the parameter by
varying which one gets different anti derivatives (or integrals) of the given function.

. . . d .
More generally, if there is a function F such that E F(x)=f ), v x e I (interval),

then for any arbitrary real number C, (also called constant of integration)

i[F(x)+C] =f(x),xe I
dx
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INTEGRALS 227

Thus, {F + C, C € R} denotes a family of anti derivatives of f.

Remark Functions with same derivatives differ by a constant. To show this, let g and &
be two functions having the same derivatives on an interval 1.

Consider the function f= g — h defined by f(x) = g(x) — h(x), vxe 1

d
Then d—f =f'=g —-Nhgiving f(x) =g’ @) -N(x) vxel
X
or f7(x) =0, V¥ x € I by hypothesis,

i.e., the rate of change of f with respect to x is zero on I and hence f'is constant.

In view of the above remark, it is justified to infer that the family {F + C, C € R}
provides all possible anti derivatives of f.

We introduce a new symbol, namely, I f(x) dx which will represent the entire

class of anti derivatives read as the indefinite integral of f with respect to x.
Symbolically, we write I fx)dx=F(x)+C.
L dy :
Notation Given that e f (), we write y = I f (x)dx.
x

For the sake of convenience, we mention below the following symbols/terms/phrases
with their meanings as given in the Table (7.1).

Table 7.1

Symbols/Terms/Phrases Meaning

_[f (x) dx Integral of f with respect to x

fyin [ f@x)dx Integrand

x in .[f (x) dx Variable of integration

Integrate Find the integral

An integral of f A function F such that
F)=f®

Integration The process of finding the integral

Constant of Integration Any real number C, considered as
constant function
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228 MATHEMATICS

We already know the formulae for the derivatives of many important functions.
From these formulae, we can write down immediately the corresponding formulae
(referred to as standard formulae) for the integrals of these functions, as listed below
which will be used to find integrals of other functions.

Derivatives

d xn+1

Particularly, we note that

L=

(ii) E(sin X)=cos x ;

(i) %(—COSX)=sinx :

@iv) %(tan x)=sec’x :

v) E(—cot x) = cosec’x :

(vi) E(SCC x)=secxtan x ;

(vii) E(—coseo x)=cosec x cot x ;
(viii) _X(SIH_IX)= 1ix2 :

o 2t
o - (tan ™! )= .

) (e =e"

Integrals (Anti derivatives)

n+1

jx”dx=);+1 +C.n#-1
jdx=x+c

cos xdx=sin x+ C
sin x dx=-cos x+C

sec’ xdx=tan x + C

sec xtanx dx=sec x + C

cosec x cot x dx =—cosec x + C

J
J
J
fcosec® xdx=—cot x+C
J
J
[

J. dx =_cos 'x+C
1-x?

I d zztan_lx+C
1+ x

dex=e +C
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INTEGRALS 229

1 1
i) L (loglx1) =1 [~ dx=loglx1+C
dx X X
d| a a
iy — =a" . Ydx = +C
(i) dx[logaJ ‘s Ia g log a

In practice, we normally do not mention the interval over which the various
functions are defined. However, in any specific problem one has to keep it in mind.

7.2.1 Some properties of indefinite integral
In this sub section, we shall derive some properties of indefinite integrals.
(I) The process of differentiation and integration are inverses of each other in the
sense of the following results :

d
Eff(x) dx = f(x)

and Jf "(x) dx = f(x) + C, where C is any arbitrary constant.

Proof Let F be any anti derivative of f, i.e.,

% F) = £(x)

Then J.f(x) dx =F(x) + C
Therefore 4 J.f(x) dx = 4 (Fx)+C)
dx dx

d
= EF(X)—f(x)

Similarly, we note that
d
ff)=—75x
dx

and hence Jf ‘) dx =f(x) + C

where C is arbitrary constant called constant of integration.

(IT) Two indefinite integrals with the same derivative lead to the same family of
curves and so they are equivalent.
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230 MATHEMATICS

Proof Let f and g be two functions such that

d d
“Jrwdr = =fgwd

or %Uf(x) dr [ g @) dx} =0

Hence I f(x)dx — Ig (x) dx= C, where C is any real number
or [feydx = [g)ydx+C

So the families of curves {I fx)dx+C,,C e R}

and {jg(x) dx+C,,C,e R} are identical.

Hence, in this sense, I f(x) dx and I g(x) dx are equivalent.

(Why?)

without mentioning the parameter.

@ Note|The equivalence of the families {If(x) dx+C,,C e R} and

{I g dx+C,,C, e R} is customarily expressed by writing J f(x)dx= .[ g(x) dx,

(I17) .“f(x) + g(x)] dx = If(x) dx + Ig(x) dx
Proof By Property (I), we have

d
~Jire+ gnar] = + g
On the otherhand, we find that
iUf(x) dx+.|.g(x) dx} = iJ.f(x) dx+i.|.g(x) dx
dx dx dx

=f(x) + g ()
Thus, in view of Property (II), it follows by (1) and (2) that

[(F@+gw) de= [ fedet g0 dx.

(IV) For any real number £, jk fx)dx=k j f(x) dx

Reprint 2026-27
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Proof By the Property (1), dijk fx)dx=k f(x).
X

Also %[k [reo dx] = k%.[f(x) dx=k f(x)

Therefore, using the Property (IT), we have jk fx)dx=k j f)dx.

231

(V) Properties (II) and (IV) can be generalised to a finite number of functions

f» [o» - [, and the real numbers, k, k, ..., k giving

1o Koo ee

[l hi) +hfo (0 + .4k, f, ()] dx

= k[ dx+ k[ £, @) dx+ ..+ k, [ £, () dx.

To find an anti derivative of a given function, we search intuitively for a function
whose derivative is the given function. The search for the requisite function for finding
an anti derivative is known as integration by the method of inspection. We illustrate it

through some examples.

Example 1 Write an anti derivative for each of the following functions using the

method of inspection:

1
(i) cos 2x () 3x* + 4x° (ii1) 27 0

Solution

(1) We look for a function whose derivative is cos 2x. Recall that

— sin 2x =2 cos 2x

dx

1d . 4 [l sin 2xj
or cos 2x = > dn (sin 2x) = e\ 2

1.
Therefore, an anti derivative of cos 2x is 5 sin 2x .
(i) We look for a function whose derivative is 3x? + 4x°. Note that
d s 4
— X X)) =327 + 4x.
(e

Therefore, an anti derivative of 3x? + 4x* is x* + x*.
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(i) We know that
1

(-n=1 x<0
—X X

i(logx)zl,x>Oandi[log(—x)]z
dx X dx

. d 1
Combining above, we get T (10g|x|) = > x#0

1 1
Therefore, J.; dx =log |x| is one of the anti derivatives of T

Example 2 Find the following integrals:

-1 2 N
(@) Jxxz de (i) [(e +1)dx (i) |G +2e ) ds

Solution
(i) We have

.[X3 2_1 dxzj‘xdx—jxfz dx (by Property V)
x

—-2+1

x1+1 X
+C |- +C, | C,, C, are constants of integration

1+1 —2+1

x° x! ¥ o1
= 7+C1—_—1—C2 = 7+;+C1—C2

2
X

=5 +—+C, where C = C, — C, is another constant of integration.
X

From now onwards, we shall write only one constant of integration in the
final answer.

(i) We have
2

J.(xi +1)dx= J.)cg dx + Idx

2+l

x3 3 2
= +x+C==x3+x+C
2
—+1
3
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(i) We have J(x;+26x —i)dx=jx; dx+j2ex dx — Iidx

2

x2 .
= 3—+2€ —10g|x|+C

—+1
2
7 3
= gx 242e" —10g|x|+C
Example 3 Find the following integrals:
(1) j(sin X +cos x) dx (i) jcosec x (cosec x + cot x) dx
1 —sin x
dx
(i) '[ cos® x
Solution
(i) We have

j(sin X +cos x) dxzjsin X dx + Icos x dx

= —cosx+sinx+C
(i) We have

I(cosec x (cosec x + cot x) dx = Icoseczx dx + Icosec x cot x dx

= —cotx—cosecx+C

(iii)) We have
1—sin x 1 sin x
dx = dx — dx
'[ cos’x '[coszx '[coszx

Iseczx dx — Itan X sec x dx

= tan x —sec x+ C

233

Example 4 Find the anti derivative F of fdefined by f (x) = 4x* — 6, where F (0) = 3

Solution One anti derivative of f (x) is x* — 6x since

L 6x) =4x — 6
dx
Therefore, the anti derivative F is given by

F(x) =x* — 6x + C, where C is constant.
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Given that F(0) = 3, which gives,
3=0-6x0+C or C=3

Hence, the required anti derivative is the unique function F defined by
F(x) = x* — 6x + 3.
Remarks

(1) We see that if F is an anti derivative of f, then so is F + C, where C is any
constant. Thus, if we know one anti derivative F of a function f, we can write
down an infinite number of anti derivatives of f by adding any constant to F
expressed by F(x) +C, C e R.In applications, it is often necessary to satisfy an
additional condition which then determines a specific value of C giving unique
anti derivative of the given function.

(i) Sometimes, Fis not expressible in terms of elementary functions viz., polynomial,
logarithmic, exponential, trigonometric functions and their inverses etc. We are

therefore blocked for finding I S (x) dx . For example, it is not possible to find

J.e* *dx by inspection since we can not find a function whose derivative is ¢~ *

(i) When the variable of integration is denoted by a variable other than x, the integral
formulae are modified accordingly. For instance

4+1

4 y I s
dy = +C=—y"+C
-[ YT 57
|EXERCISE 7.1
Find an anti derivative (or integral) of the following functions by the method of inspection.
1. sin2x 2. cos 3x 3. e*
4. (ax + b)? 5. sin 2x — 4 &**

Find the following integrals in Exercises 6 to 20:

1
I(4e3x+ 1) dx 7. _[xz(l——z)dx 8. I(ax2+bx+c)dx
x
+5x" —
9. e +eHaxr  10. j(&—iJ dx 11, J‘de
x

X +3X+4 x3—x2+x_]
2. [F—F—ax 1a. [

dr14. [A-x)xdx
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15, [Vx(3x” +2x+3) d 16. [(2x—3c0s x+e") dx

17. j(2x2—3sinx+5\/;)dx 18. Isecx(secx+tanx)dx

2
seC X — 3s1
9. Jadr g0, [N

2
cosec” x cos? x

Choose the correct answer in Exercises 21 and 22.

1
21. The anti derivative of (\/; +—J equals
Jx
13 .2 2 201
(A) —x3+2x2+C (B) =x3+—x*+C
3 3 2
9 3 1 332 14
©) §x2+2x2+C (D) §x2+§x2+C

d 3
22. If d—f(x) =45 —— such that f(2) = 0. Then f(x) is
X X

4, 1 129 31 129

BT ® T
. 1 129 s 1 129

(C) X +—5+— (D) X+
x 8 X 8

7.3 Methods of Integration

In previous section, we discussed integrals of those functions which were readily
obtainable from derivatives of some functions. It was based on inspection, i.e., on the
search of a function F whose derivative is f which led us to the integral of f. However,
this method, which depends on inspection, is not very suitable for many functions.
Hence, we need to develop additional techniques or methods for finding the integrals
by reducing them into standard forms. Prominent among them are methods based on:

1. Integration by Substitution
2. Integration using Partial Fractions
3. Integration by Parts

7.3.1 Integration by substitution
In this section, we consider the method of integration by substitution.

The given integral I f(x) dx can be transformed into another form by changing

the independent variable x to # by substituting x = g (¢).
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Consider I= [ f@)dx

Put x = g(¢) so that % =g (.

We write dx = g'(v) dt

Thus 1= [foode=[f(g@) g dr

This change of variable formula is one of the important tools available to us in the
name of integration by substitution. It is often important to guess what will be the useful
substitution. Usually, we make a substitution for a function whose derivative also occurs
in the integrand as illustrated in the following examples.

Example 5 Integrate the following functions w.r.t. x:

(i) sinmx (i) 2xsin (x*+ 1)
_ tan® Vx sec® Jx ) sin (tan" ' x)
(iii) NP vy — 7
Solution

(i) We know that derivative of mx is m. Thus, we make the substitution
mx =t so that mdx = dt.

¢ | 1 1
Therefore, J.Sln de:—J.Sln tdt = — —cost+C =— —cos mx+C
m m m

(i) Derivative of x> + 1 is 2x. Thus, we use the substitution x> + 1 = ¢ so that
2x dx = dt.

Therefore, [2xsin (x> +1)dv=sinrdt = —cos1+C =-cos (@ + 1) +C

1

2-/x

dx =dt giving dx = 2t dt.

1
. I _
(i) Derivative of /x is 5 x 2= . Thus, we use the substitution

1

2Jx

\/; =t so that

4 2 4 2

tan*/x sec® x 2ttan”t sec’t dt

Thus, _[ dx = I =2 Itan4t sec’t dt
Jx t

Again, we make another substitution tan ¢ = u so that sec’ t dt = du
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5
Therefore, 2 jtan4t sec’tdr=2 ju4 du = 2 u? +C

2

3 tan’ 7 + C (since u = tan 1)
2 s .

= gtan X +C(s1ncet=\/;)

dx

Hence,

Itan“ x sec? \/;
Jx

Alternatively, make the substitution tan\/; =t

%tansx/;+C

1

(iv) Derivative of tan™ x = Thus, we use the substitution

1+x%

dx
tan~! x = 7 so that T = dt.
+Xx

sin (tan~ 1x)

> —cost+C=-cos(tan'x) + C
1+x

Therefore , j dx = jsin tdt

Now, we discuss some important integrals involving trigonometric functions and
their standard integrals using substitution technique. These will be used later without
reference.

(i) jtan x dx =log|sec x| + C

We have
jtan xdx=j gn x dx
cos X
Put cos x =t so that sin x dx = — dt
Then J.tanxdxz—.[%:—logM+C=—10g|cosx|+C
or Itanxdx=log|sec x|+C
(ii) jcot x dx =log|sinx |+ C
We have jcot X dx=jcf)s ~ dx
sin x

Reprint 2026-27



238 MATHEMATICS
Put sin x = ¢ so that cos x dx = dt
dt )
Then ICOtxdx=IT = log|t|+C = 10g|smx|+C

(iii) Isecxdx=log|secx+tanx|+C

We have

sec x (sec x + tan x) d

jsecxdxzj

secx +tan x

Put sec x + tan x = ¢ so that sec x (tan x + sec x) dx = dt

Therefore, _[sec X dx =J.% =log |t|+ C=log |secx+tan x| +C

(iv) jcosec x dx =log |cosec x — cot x|+ C
We have

cosec x(cosec x +cotx
jcosecx dxzj ( )d

(cosec x + cotx)

Put cosec x + cot x = ¢ so that — cosec x (cosec x + cot x) dx = dt

dt
So J.cosecx dx=—J.7=—10g|t|=—10g|cosecx+cotx|+C
2 2
_ |cosec x —cot x|+c
| cosec x —cot x |
= log |cosec x —cot x| +C
Example 6 Find the following integrals:
. .3 ) sin x
sin” x cos” x dx dx dx
O -[ (@) '[sm (x+a) (it J‘1 + tan x
Solution
(i) We have

jsin3 x cos’x dx = jsinz x cos’x (sin x) dx
= j(l — cosx) cos’x (sin x) dx

Put # = cos x so that df = — sin x dx
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Therefore, Isinzx cos’x (sin x)dx = — I(l - tz) % dt

3

5
_J‘(t2 —t4)dt=—[%—%J+C

1
——cos’x+—cos’x+C
3 5

@ii)) Put x + a =t. Then dx = dt. Therefore

J- sin x dx J-sm (t-
sin (x+a) sin ¢

dt

J-sintcosa—costsina
sin ¢

cos a jdt —sin ajcottdt

(cosa)t—(sin a) [log |sin t| + Cl:l

(cos a) (x+a) - (sin @) [ log [sin (x+a)| + C| ]

xcos a+acosa—(sin a) log |sin (x+ a)| —C, sina

sin x

Hence, I X = x cos a—sin alog Isin (x + a)l + C,

sin (x + a)
where, C =~ C, sina + a cos a, is another arbitrary constant.

.[ ,[ CoS x dx
(iif) 1+ tan x COS X +sin x

1J-(cosx+sinx+cosx—sinx)dx

COS x +sin x

COSX—SII]X
—jd —j dx
Cosx+smx

jcosx—smx

. (1)

COS X +S1n x
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Now, consider 1= I

COS X —Sin x

dx

COS X +sin x

Put cos x + sin x = ¢ so that (cos x — sin x) dx = dt

Therefore I= J.% =log|i|+C, = log |cos x +sin x|+ C,

Putting it in (1), we get

IL:L&

l+tanx 2

X
= —+
2

= N

1 . C,
+—log |cos X +sin x| +—=
2 2

. C
log |c0s X+ sin x| + E) +

. C, C
- ﬁ+—10g|cosx+s1n A+C|Cc==L+=2
2 2 2

|[EXERCISE 7.2 |

Integrate the functions in Exercises 1 to 37:

12.

15.

18.

. (4x+2)

2x

1+

. sin x sin (cos x)

. JJax+Db

¥+ x+1

1

o =13 X

X
9—4x?

tan™" x

e
1+ 17

2.

13.

16.

19.

(log x)*
x

sin (ax + b) cos (ax + b)

XAJx+2

2x+3
e
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8.

11.

14.

17.

20.

x+ xlog x

, x>0

Jx+4

! 0 1

,X>0, m#

x (log x)™
X
e*
er_e—Zx
e2x+e—2x



21. tan®> (2x - 3)

2¢0s x — 3sin x

24. 6¢0os x + 4sin x

27. 4/sin 2x cos 2x

sin x

30. 1+ cos x
_
33. 1—tan x
36.(x+D(x+ngf
X

22.

25.

28.

31.

34.

37.

sec? (7 — 4x)

1

cos’x (1 — tan x)*
cos X
JJ1+sin x
sin x
2
(14 cos x)

JJtan x

sin x cos x

x’sin (tan’1x4)

1+x°

Choose the correct answer in Exercises 38 and 39.

9 X
38. J-IOx +10" log, 10 dx

X0 +10°
(A) 105 = x1°+ C
(C) (10¢ — x'0y! + C

39. [— equals
S X COS™ X

(A) tanx+cotx+C
(C) tanxcotx+C

equals

23.

26.

29.

32.

35.

INTEGRALS

Ccos \/;
Jx

cot x log sin x

1+ cot x

(1+1log x)°

(B) 10°+x°+C
(D) log (10 + x'%) + C

(B) tanx —cotx + C
(D) tan x — cot 2x + C

7.3.2 Integration using trigonometric identities

241

When the integrand involves some trigonometric functions, we use some known identities
to find the integral as illustrated through the following example.

Example 7 Find (i) jcoszx dx (i) jsin 2xcos3xdx  (iii) jsin3 X dx
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Solution
(i) Recall the identity cos 2x = 2 cos? x — 1, which gives
1+cos2x
2

cos’x =
Therefore _[0052?6 dx = lJ.(l +cos 2x) dx = l J.dx + l J.cos 2x dx
’ 2 2 2

+—sin2x+C

Do | =
NG

1
(i) Recall the identity sin x cos y = 5 [sin (x + y) + sin (x — y)] (Why?)

Then J.sin 2xcos3xdx = % Usin 5x dx — jsin X dx]

- l{—10035x+cosx}+c
21 5

1
= ——cos5x+lcosx+C
10 2

(iii) From the identity sin 3x = 3 sin x — 4 sin’x, we find that

3sin x —sin 3x
4

sin’x
Therefore Isin3x dx = EJ.sin xdx — l J.sin 3x dx
’ T4 4

1
= ——cosx+—cos3x+C
4 12

Alternatively, Isin3x dx = Isinzx sin x dx = I(l — cos’x) sin x dx

Put cos x = ¢ so that — sin x dx = dt
3

Therefore, jsin3xdx = —I(l—tz)dt = —Idt +jt2 dt:—t+%+C

1
= —cosx+§cos3x+C

Remark It can be shown using trigonometric identities that both answers are equivalent.
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EXERCISE 7.3
Find the integrals of the functions in Exercises 1 to 22:
1. sin® 2x+5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos 6x
4. sin® 2x+ 1) 5. sin® x cos® x 6. sinx sin 2x sin 3x
) ) 1—cosx CoS X
7. sin4x sin 8x 8. ——— 9, —
1+ cos x 1+ cos x
2
10. sin*x 11. cos* 2x 12, 2 %
1+cos x
- COS X — sin x
13, Sos2x-cosday, COSTTSMT o 2x sec 2
COS X — COS (X 1+ sin 2x
-3 3 -2
sin” x4+ cos” x 2x+2
16. tan‘x 17, = g, 2L T
sin” x cos” x cos” x
1 cos 2x ¢
19, ———— 20, — = 21. sin "' (cos x)
sin x cos”x (cos x +sin x)
1
22.
cos (x —a)cos (x—b)
Choose the correct answer in Exercises 23 and 24.
-2 2
23. jw dx is equal to
sin” x cos” x
(A) tanx +cotx + C (B) tan x + cosec x + C
(C) —tanx+cotx+C (D) tanx + sec x + C
24. jwdx equals
cos”(e'x)
(A) —cot (ex) + C (B) tan (xe*) + C
(C) tan (e") + C (D) cot () + C

7.4 Integrals of Some Particular Functions

243

In this section, we mention below some important formulae of integrals and apply them

for integrating many other related standard integrals:
dx 1 | x-a

1 =—1Ilo
D Ixz—az 2a g|x+a

+C
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dx 1 a+x
2 ——=—1 +C
) J‘az—xz a-x
dx 1 1 X
=—tan —+C
(3) J‘x2+a2 a a

d
4) Iﬁ:log‘x+\/x2 -a’|+C
) J. ,——sm 1—+C
(6) _|.d—x=log‘x+\/x2+a2 +C

Jxt +ad?

We now prove the above results:

1 1
(1) We have codk x—a)(x+a)

1 ]G+a)-(x—a) _i{ 1 B 1 }
= 2a x—a)(x+a) " 2alx—a x+a

de 1 dx dx
Therefore, J.xz—az =5 '[x—a_'[x+a

= i[logl(x—a)l—logl(x+a)l]+C
2a

—-da
+C
xX+a

1
=—1Io
2a g

(2) Inview of (1) above, we have
11 {(a+x)+(a—x):| 1 1 1
= | —| _ = +
a’>—x* 2a| (a+x)(a—x) 2al a=x a+x
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X 2a | a—x a+x

Therefore, J‘% =LU - +-[ - }

1
= —|[-logla—xl+logla+xI]+C
2a

a+x
= l

T 2a

+C

a—x

245

The technique used in (1) will be explained in Section 7.5.

(3) Putx =aq tan 6. Then dx = a sec? 6 db.

asec’ 0 do
Therefore, I = J
x + a a® tan’0+ o’

1 1 1
= —[do==0+C=—tan"'Z+C
a a a a
(4) Let x=a sec6. Then dx = a sec6 tan0 d6.

a sech tan6 do

Therefore J.L J.
' «/xz—az -~ JJa? sec’®

Isece db =log |sece + tan9| +C,

= log X 1/x_2 11+C,
a
+x* —a’

—10g|a|+C1

= log| x

= log| x+vx* —d® +C, whereC=C, —log lal

(5) Let x =a sin®. Then dx = a cos6 de.
a cosd do

Therefore, ,[ \/7 -[ m

= [d0=0+C=sin"' Z+C
a
(6) Let x =a tan®. Then dx = a sec?6 do.
asec’0 do

J.\/m '[«/a tan0 + a’

= jsece db =log |(sece + tan6)| +C,

Therefore,
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log| —+ R

log|x +vVx* +a° —log|a|+C,

log |x +vx* +a*|+C, where C = C, —log |a|

Applying these standard formulae, we now obtain some more formulae which
are useful from applications point of view and can be applied directly to evaluate
other integrals.

dx

To find the integral _[— we write
ax” +bx+c
i { ). b c} ( bjz c b
al+bx+tcec=alx +—x+—|=a|| x+— | + V- ——
a a 2a a 4a
b ... ¢ ’ 2
Now, put x+— =¢so that dx = dt and writing ————5 =2 k", We find the
2a a 4a

dt c b’
integral reduced to the form — I e depending upon the sign of [ 42 J

and hence can be evaluated.

To find the integral of the type j proceeding as in (7), we

dx
Vax® +bx+c ’
obtain the integral using the standard formulae.

+q
ax’ +bx+c¢
constants, we are to find real numbers A, B such that

To find the integral of the type _[ dx | where P, q, a, b, ¢ are
d

px+q=Ad—(ax +bx+c)+B=AQax+b)+B
X

To determine A and B, we equate from both sides the coefficients of x and the
constant terms. A and B are thus obtained and hence the integral is reduced to
one of the known forms.
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(10) For the evaluation of the integral of the type _[ (pxtg)dy , we proceed
Nax? +bx+c¢

as in (9) and transform the integral into known standard forms.

Let us illustrate the above methods by some examples.

Example 8 Find the following integrals:

] dx . dx
T N

Solution
dx dx 1 x—4
i) We have = = —log|——|+C [by 7.4 (1
@ '[xz—l6 ,[xz_42 3 g‘x+4 [by 7.4 (1)]
dx dx

(i) =

J‘\/Zx—xz J'\/l—(x—l)2

Put x — 1 =¢. Then dx = dt.

dt W,
Therefore, = =sin" (#)+C [by 7.4 (5)]
J‘\/2)6—362 J‘\/l—tz Y
=sin' x-1)+C

Example 9 Find the following integrals :

I . I dx jL
@ Toxt1s W 30 @ Ve o0

Solution
(1) Wehave x>-6x + 13=x>-6x+32-32+13=(x-3)>+4

dx 1
So, —_ = | ——————dx
Ix2—6x+13 I(x_3)2+22
Let x—3 =t Then dx = dt
dx dt 1 1t
= =—tan" —+C
Therefore, '[xz oxt13 '[t2+22 > > [by 7.4 (3)]
= ltan*l x_3+C

2
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(i) The given integral is of the form 7.4 (7). We write the denominator of the integrand,

13x 10
3% +13x-10 = 3| ¥ *3 73
13 (17Y
=3 x+€ |76 ) | (completing the square)
dx dx
Thus I— = —I

3x% +13x-10 [ 13j [17}2
6 6

13
Put X+€=t. Then dx = dt.

dx 1 _[ dt

Therefore, Im ~ 3 W

l

—

Q
(C]

+C, [by 7.4 ()]

1 6x—4
17 6x+30

1 3x-2 1 1
=—lo +C, +—log -
17 8 x5 | 1T 08

1 3x-2 1 1
——1lo +C _C +tiogt
17 g 15 , where C 1T 0g3
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dx
2
x —

(iii) We have .[\/S;le_% ZI\/S(
J

> (completing the square)

8
R

1
Put X—§=l. Then dx = dt.

Theref J‘ dx 1 J‘ dt
erefore, — = | T T—
V5xt —2x 5 2 (1)2
5
1 , (1Y
= gty ={5) [TC  by74@)]
1 1 2
= —loglx——+ [x’ e
J5 5 5
Example 10 Find the following integrals:
x+2 x+3
. dx he - dx
® '[2x2+6x+5 (@) '|‘\/5—4x—x2

Solution
(1) Using the formula 7.4 (9), we express

Y40 = Ai(2x2+6x+5)+B - A(4x+6)+B
dx

Equating the coefficients of x and the constant terms from both sides, we get

1 1
4A=1and6A+B =2 or =ZandB=E.
x+2 1 4x+6 1 dx
Theref _ —|——dxt+— | ——
eretore, '[2x2+6x+5 4'[2x2+6x+5 2'[2x2+6x+5
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